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CHAPTER 4

Distributed Circuits

4.1 TRANSMISSION LINES

A single inch of wire can have 10 nH of inductance, an impedance of þ j63 W
at 1 GHz. Interconnecting circuit parts with uncontrolled wire lengths would
lead to large, unwanted reactances. It would also lead to unpredictable circuit
behavior because circuit components having transmission paths larger than
about one tenth of a wavelength impart not only reactive changes but resistive
transformations in impedance as well.

Today, with computer assistance, it is possible to analyze circuits having
nearly arbitrary geometry, and therefore any hookup wire lengths theoretically
can be handled analytically. Nevertheless, it is inadvisable to use irregular
transmission line geometries except when there is a specific good reason for
doing so.

In the early 1930s computers were not available to analyze circuits, and it
was necessary that engineers confine transmission circuit designs to simple,
regular cross sections in order that performance could be predicted. These were
called uniform transmission lines, and they permitted more predictable behavior
for distributed circuits.

Even today, for distributed circuits, wherein the lengths of the transmission

paths are appreciable compared to the operating wavelength, it is generally ad-
visable to interconnect circuits and circuit parts with uniform transmission
lines. Unless a transmission line is kept uniform in cross section, its e¤ect on
the circuit becomes impractically di‰cult to compute by hand, and it is equally
di‰cult to gain insight into how the circuit works.

A transmission line is a set of conductors that are long compared to a wave-

length (generally considered to be >l=10) and have a uniform cross section

along their length for which a characteristic impedance Z0 can be defined.

In this chapter we first describe without proof the behavior of signals on
transmission lines in order to provide a perspective of their operation. Later
these transmission line circuit behaviors are derived analytically.

High Frequency Techniques: An Introduction to RF and Microwave Engineering, By Joseph F.
White.
ISBN 0-471-45591-1 6 2004 John Wiley & Sons, Inc.

78



The lumped circuit model for a lossless, balanced, uniform transmission line
is shown in Figure 4.1-1. In the equivalent circuit, L is the inductance/unit

length and C is the capacitance/unit length of the uniform transmission line. For
the lossless case the characteristic impedance Z0 of the line is given by

Z0 ¼
ffiffiffiffi

L

C

r

ðWÞ ð4:1-1Þ

where Z0 is defined as the ratio of voltage-to-current for a traveling wave in

either direction. For the lossless line Z0 is independent of frequency, a fact that
is most important for broadband matching. When a transmission line is termi-

nated in its characteristic impedance ðZ0Þ, no reflections occur. That is, all power
traveling toward the load is absorbed at the load, and none is reflected back
toward the generator. There are other ways to accomplish total absorption of a
traveling wave by the load, and we shall examine them as matching techniques.

The transmission line shown in Figure 4.1-2 is an example of a balanced line

because both of its conductors have the same impedance to ground. For this
reason stray voltage and currents induced onto either conductor of the line
from interfering sources tend to be identical on both conductors, producing
common mode voltage on the conductors and canceling insofar as the signal is
concerned. The signal voltage is the di¤erence in potential between the two
conductors, and accordingly is called the di¤erential mode voltage.

A balanced line example is the twisted pair phone line. The twist is added to
further ensure that the two lines have identical impedances to ground, and,
consequently, noise pickup is almost entirely in the common mode. This noise
is not induced onto the signals carried by the conductors since the signals are
impressed on the line in the di¤erential mode.

Another example of a two-wire balanced transmission line is the twin lead

used between an outside roof antenna and a TV set. Its geometry yields a
characteristic impedance of about 300 W, more closely matching that of the
source impedance of television antennas. Its balanced nature provides the same
noise immunity to such sources as automobile ignitions, motors, and other

Figure 4.1-1 Balanced, two-wire, lossless transmission line with generator and load
connections and the equivalent circuit.
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noise sources. However, it cannot provide immunity to noise that enters the
system through radiation reception by the television aerial itself.

The balanced line pair can be further protected from interference by enclos-
ing it within a shield, in which case the line is a balanced shielded transmission

line.
For actual radio circuits unbalanced transmission lines, one of whose con-

ductors is generally at ground potential, are more common (Fig. 4.1-3). The
primary examples are stripline and microstrip, requiring only a ‘‘center con-
ductor’’ pattern that can be photoetched for low cost and easy reproducibility.

Coaxial lines (also called coax) were developed to provide a flexible line with
inherent shielding. They are used throughout the microwave bands, for exam-
ple, up to 1 GHz for television cable systems and to 50 GHz or more in in-
strumentation applications.

Stripline evolved from coax in about 1950 and was considered a break-
through due to its manufacturing ease. Its lack of mechanical flexibility was not
a disadvantage since it was generally used to interconnect circuit parts installed
on a common circuit board.

Microstrip evolved after stripline. It shared the reproducibility advantages of
stripline but had the further advantage of providing easy access to circuit com-

Figure 4.1-2 Examples of balanced transmission lines.

Figure 4.1-3 Unbalanced transmission line formats commonly used in wireless appli-
cations.
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ponents since there was no upper ground plane to get in the way of component
installation and tuning. However, microstrip’s format usually results in an in-

homogeneous dielectric medium, that is, a di¤ering dielectric media for various
portions of the transmission line’s cross section. This occurs because microstrip
is usually implemented as a conductor pattern on a dielectric material with air
dielectric above the transmission line patterns.

As frequency increases, the capacitance between center conductor and
ground causes an increasingly larger percentage of the energy to propagate
within the dielectric, resulting in a greater signal delay for higher frequencies
than for lower frequencies. This variation in signal delay with frequency dis-
torts wideband signals because their various frequency components experience
di¤ering transmission delays through the inhomogeneous transmission line
medium.

4.2 WAVELENGTH IN A DIELECTRIC

The wavelength is the distance a sinusoid propagates in its period. Wavelength is
reduced in proportion to the square root of the dielectric constant eR of the
propagating medium, since the speed of propagation is reduced in that pro-
portion (Fig. 4.2-1). For a nonmagnetic dielectric

l ¼ l0
ffiffiffiffiffiffi

eR
p ð4:2-1aÞ

v ¼ c
ffiffiffiffiffiffi

eR
p ð4:2-1bÞ

f l ¼ v ð4:2-1cÞ

f l0 ¼ c ð4:2-1dÞ

Figure 4.2-1 E¤ect of dielectric material is to decrease propagation speed, and with it,
wavelength.

WAVELENGTH IN A DIELECTRIC 81



where l0 is the free space wavelength, c is the velocity of light in free space
ð2:9979� 108 m=sÞ, and l is the wavelength in the dielectric medium.

Typical transmission line dielectrics range from pure Teflon with relative
dielectric constant, eR ¼ 2:03, to alumina (Al2O3) with eR ¼ 10. Sapphire is the
single-crystalline form of alumina and is an ideal, albeit expensive, microwave
dielectric. Ceramic materials are available with relative dielectric constants up
to 100 for use as primary resonators for oscillator circuits. Pure water has a
dielectric constant of 81 [1] at RF and microwave frequencies.

Teflon material has very low dissipative loss and is a primary choice for
microwave circuit boards. However, in pure form, it both expands and cold
flows substantially with temperature and therefore is usually reinforced with
embedded glass fibers for dimensional stability. The glass often is woven into a
cloth fabric for reinforcing printed circuit (PC) boards. The presence of glass
fibers increases the dielectric constant, and, if the fibers have a particular aver-
age orientation, as occurs with woven fabrics, the result is a dielectric constant
that is a function of direction in the dielectric. Such a material is called an ani-

sotropic dielectric.
To overcome the directional variation of dielectric constant the dielectric is

sometimes reinforced using small, randomly oriented glass fibers (microfibers),
making it uniform in all directions. A popular microfiber circuit board material
is Rogers Duroid.

4.3 PULSES ON TRANSMISSION LINES

The concept of reflections on transmission lines can be visualized by consider-
ing the reaction of an open-circuited transmission line when a voltage pulse is
sent down it.

Consider a voltage pulse applied to a lossless transmission line. The pulse
propagates at the speed of light in a transmission line with air or vacuum sur-
rounding the conductors or propagates at reduced speed if the line is embedded
within a higher dielectric constant medium. For a lossless line, the pulse prop-
agates along the line, as depicted in sketches 1 to 4 in Figure 4.3-1, its voltage
undiminished with distance since there are assumed to be no dissipative or
radiative losses. Associated with the voltage wave is a current wave. The ratio
of voltage to current is Z0.

In this theoretical idealization, on reaching the open-circuited end, all of the
incident energy must be reflected since it can neither be radiated nor stored
there. Of course, on a real open-circuited transmission line, some dissipative
and radiative losses would occur, but we ignore them in this example.

Since all of the power of the pulse must be reflected at the open end of the
line, the situation is equivalent to the introduction of a reverse-going pulse that
is otherwise identical to the incident pulse. At the open circuit the current must
be zero. To satisfy this condition, the reflected current must be directed oppo-
site to the incident current. This requires that the associated reflected voltage
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have the same polarity as the incident voltage, which results in a doubling of
the voltage at the end of the line.

The total voltage on the line is equal to the sum of the incident and reverse-
going pulses (sketches 4 to 7 of Fig. 4.3-1). Since the reflected voltage wave has
the same amplitude as the incident wave, reflection from an open-circuit termi-

nated line produces a doubling of the voltage at the end of the line as the voltages

of the incident and reflected waves add together. The current at the end of the
line is the sum of an incident current pulse and an equal magnitude but oppo-
sitely directed reflected current pulse, resulting in a net current of zero. We
would expect this at an open-circuit termination.

After reflection at the open-circuit end of the line, the pulse travels back
toward its source. At the source the pulse could again reflect if the source
impedance is not equal to the line’s characteristic impedance Z0. This pulse
example is useful in demonstrating physically how the doubling of voltage
occurs at the open-circuit termination of a transmission line. Similar reasoning
shows that the current at a short-circuit termination of the transmission line
produces a doubling of current at the line’s end and a zero voltage.

4.4 INCIDENT AND REFLECTED WAVES

Just as pulses on a transmission line that is open circuited produce a doubling
of the incident voltage, so also do continuous sine waves when applied to the
same transmission line termination condition.

Figure 4.3-1 Pulse on lossless transmission line and its reflection from the open-
circuited end.
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In this case, however, the sine wave, of voltage VI , is continuously applied at
the source end. The reflected voltage VR, an identical sine wave propagating
back toward the generator, combines with it to produce a standing-wave pat-

tern, creating voltage maxima when VI and VR are in phase and minima when
they are out of phase (Fig. 4.4-1). The peak voltage magnitude of the standing-
wave pattern is shown in Figure 4.4-1b. The maxima and minima are separated

by a half wavelength due to the doubling of their relative velocities resulting from

their opposite directions of travel.
In general, the net voltage at any point on the line is the result of the phasor

addition of VI and VR at that point. Note that the amplitude of the standing-
wave pattern is not a sine wave. It is the envelope of the peak AC voltage as a
function of distance along the line. Such voltage (and the associated current)
standing waves are analogous to those of waves in water that reflect from a
seawall or other reflecting obstacle. In this example of a lossless line terminated
in an open circuit, the peak voltage is 2VA and the minimum voltage is zero. At
the voltage nulls the current is 2IA where IA ¼ VA=Z0. This will be seen from
the analysis of transmission lines to follow.

Figure 4.4-1 (a) Incident and reflected sine waves on open-circuit terminated line and
(b) the peak voltage magnitude as function of position x on the line.
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4.5 REFLECTION COEFFICIENT

In the open-circuit load, lossless line case, the magnitudes of incident and re-
flected voltages are equal, and at the ‘‘load’’ end of the line they are in phase.
This produces the voltage doubling there. But for arbitrary loads, VI and VR

are neither equal in magnitude nor do they have the same phase. We define a
complex reflection coe‰cient at any point, x, on the line as

GðxÞ ¼ VRðxÞ
VI ðxÞ

¼ rJj ð4:5-1Þ

where VR and VI are reflected and incident phasor voltages, respectively.
On a lossless line the respective magnitudes of VI and VR do not change, thus

the magnitude of the reflection coe‰cient, r, does not change either. Only the
angle j changes as the two waves travel by each other in opposite directions; j
depends upon the relative phases of VR and VI at the load as well as the elec-
trical distance from the load.

For example, returning to the open-circuited case in Figure 4.4-1, since
jLOAD ¼ 0�, VLOAD-INC þ VLOAD-REF ¼ 2, a voltage peak occurs at the load.
On the other hand, if there is a short circuit at the load, the total voltage at the
end of the line must be zero. Then jLOAD ¼ 180�, VLOAD-INC þ VLOAD-REF ¼ 0,
and there is a voltage null at the load position.

In general, a line is terminated in some complex load, and the incident and
reflected voltages have neither the same magnitudes nor are they precisely in or
out of phase at the line’s terminus. The magnitudes of the voltage peak and null
values are

VMAX ¼ VIncidentð1þ rÞ ð4:5-2aÞ

VMIN ¼ VIncidentð1� rÞ ð4:5-2bÞ

where r is the ratio of the magnitude of the reflected wave to that of the inci-
dent wave. One of the earliest microwave measurement techniques consists of
cutting a narrow longitudinal slot in a transmission line and moving a rectify-
ing diode along the line to determine jVMAXj and jVMINj as well as the loca-
tions of these maximum and minimum voltages relative to the load position.
This is called a slotted line measurement. Prior to the development of the
network analyzer (about 1965) this was the only practical way to measure mi-
crowave impedance. Special microwave oscillators having a 1-kHz amplitude
modulation were used in conjunction with standing-wave ratio (SWR) meters,
consisting of tuned and calibrated 1-kHz amplifiers, to make the measurement
more sensitive and precise. The ratio of the maximum and minimum voltage
amplitudes was and continues to be called the voltage standing-wave ratio, or
VSWR, sometimes just SWR:
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VSWR ¼ jVMAXj
jVMINj

¼ 1þ r

1� r
ð4:5-3aÞ

and conversely

r ¼ VSWR � 1

VSWR þ 1
ð4:5-3bÞ

4.6 RETURN LOSS

Relative to the incident power, return loss is the fraction of power returned from

the load:

Return loss ¼ r2 ðfractionÞ ¼ 20 log r ðdBÞ ð4:6-1Þ

Within the industry, VSWR and return loss are used as alternative means for
specifying match, even though the slotted line is rarely if ever used for mea-
surements. A perfect match of the load to the transmission line occurs when

ZL ¼ Z0 ð4:6-2Þ

This condition produces no reflected wave, hence r ¼ 0 and VSWR ¼ 1. Then
all incident power is absorbed in the load; no power is reflected, and, when
expressed in decibels, the return loss is �y.

4.7 MISMATCH LOSS

Relative to the incident power, mismatch loss is the fraction of power absorbed

(not returned) from the load:

Mismatch loss ¼ 1� r2 ðfractionÞ ¼ 10 logð1� r2Þ ðdBÞ ð4:7-1Þ

In fractional form, return loss and mismatch loss sum to unity. Care should be
taken to study these definitions. It is a common error to confuse them. Table
4.7-1 lists values of return loss and mismatch loss for various values of the
reflection coe‰cient, r.

As an example, if the VSWR of a load is 1.5, r is 0.2, return loss is 0.04, and
mismatch loss is 0.96. This means that the load absorbs 96% of the incident
power and 4% is reflected. In decibels, the return loss is 14 dB and the mis-
match loss is 0.18 dB. Notice that the minus sign for the losses in decibels is
dropped conversationally because it is implied in the term ‘‘loss.’’ However,
when using a network simulator, losses in decibels must be entered as negative

quantities.

86 DISTRIBUTED CIRCUITS



4.8 MISMATCH ERROR

In Sections 4.6 and 4.7 return loss and mismatch loss were defined in terms
of reflections at a mismatched load. However, these terms also can be applied
to the input of a two-port network terminated by a matched or mismatched
load. For example, a reactance connected in shunt with an otherwise match-
terminated transmission line produces a reflection. For this circuit return loss
and mismatch loss can be calculated.

Now, if there are two or more sources of reflection on the line (Fig. 4.8-1),
the resulting reflections can combine to produce an overall reflection that de-
pends not only upon the individual reflections but their reflective interactions as

TABLE 4.7-1 Relationships Among Reflection Coe‰cient Magnitude, r, VSWR,

Return Loss and Mismatch Loss

r

VSWR
1þ r

1� r

Return Loss
Fraction r2

Return
Loss (dB)
20 log r

Mismatch
Loss Fraction

1� r2

Mismatch
Loss (dB)

10 logð1� r2Þ

0 1.0 0 �y 1.0 0
0.01 1.02 0.0001 �40.0 0.9999 �0.0004
0.02 1.04 0.0004 �34.0 0.9996 �0.0017
0.05 1.11 0.0025 �26.0 0.9975 �0.011
0.10 1.22 0.01 �20.0 0.99 �0.044
0.15 1.35 0.0225 �16.5 0.9775 �0.099
0.2 1.5 0.04 �14.0 0.96 �0.18
0.3 1.86 0.09 �10.5 0.91 �0.41
0.33 2 0.11 �9.6 0.89 �0.50
0.4 2.3 0.16 �8.0 0.84 �0.76
0.5 3 0.25 �6.0 0.75 �1.25
0.6 4 0.36 �4.4 0.64 �1.94
0.7 5.7 0.49 �3.1 0.51 �2.92
0.707 5.8 0.50 �3.01 0.50 �3.01
0.8 9 0.64 �1.94 0.36 �4.44
0.9 19 0.81 �0.92 0.19 �7.21
1.0 y 1.00 0.0 0.0 �y

Figure 4.8-1 Interaction between two reflecting networks separated by transmission
line length.
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well. To evaluate this combination, suppose two circuits, having G1 and G2

complex reflection coe‰cients are interconnected by a lossless transmission line
of electrical length y. For this discussion it is assumed that generator and load
are matched to each other and to the characteristic impedance of the line, in
this case normalized to Z0 ¼ 1.

Due to the multiple reflections between them and their spacing, the obstacles
will interact in a manner that causes their total insertion loss to vary. The loss
of the combination may be higher or lower than their simple loss, that is, the
sum of their individual mismatch losses that would be measured when they are
separately connected between generator and load.

The amount by which the actual loss di¤ers from the simple loss is called the
mismatch error, usually expressed in decibels. The term mismatch error arises
because, if we ignore their interaction and estimate their combined loss to be
their simple loss, we would encounter an error equal to this mismatch error
value. To analyze this reflection interaction it is useful to define the transmis-

sion coe‰cient T.
At the point of reflection on a transmission line, we defined an incident

voltage VI and a reflected voltage VR. The phasor sum of these two voltages is
the total voltage VT . This is the voltage on the line at the point of reflection:

VT ¼ VI þ VR ð4:8-1Þ

The transmission coe‰cient T is the ratio of VT to VI , just as the reflection
coe‰cient G is the ratio of VR to VI . Then it follows that

T ¼ 1þ G ð4:8-2Þ

where both T and G are complex numbers. Note that T can be greater than
unity. In fact, this occurs at the end of an open-circuited transmission line at
which G ¼ 1 and T ¼ 2.

The situation when two sources of reflection exist on a transmission line is
shown in Figure 4.8-2. An incident voltage V1 ¼ 1 encounters the first obstacle
and the voltage at the first obstacle is T1. This voltage proceeds on toward the
second obstacle. When T1 reaches the second obstacle, it is further a¤ected. In

Figure 4.8-2 The reflection interaction between two circuits separated by lossless line
length [1, p 407].
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the absence of reflections between the obstacles, the resulting voltage at the
second obstacle would be V2 (expected). This voltage launches a wave traveling
toward the load as

V2 ðexpectedÞ ¼ T1T2e
�jQ ð4:8-3Þ

The ‘‘expected’’ insertion loss (IL), or simple loss, of the two obstacles, ne-
glecting their reflective interactions, would be the sum of their individual mis-
match losses or

IL ðexpectedÞ ¼ 20 logjT1j�1 þ 20 logjT2j�1 ð4:8-4Þ

where the negative exponents are used in order that IL is a positive number
when expressed in decibels.

However, when T1 reaches the second obstacle, a part of its energy is re-
flected by it. This reflected wave travels back toward the first obstacle at which
a third reflection occurs. The process continues in a manner similar to that of
the multiple reflections occurring between facing, partially reflecting mirrors,
creating an infinite series of reflections and re-reflections.

The initial waves and the multiple reflections are as described in Figure
4.8-2. Each time the reflections make a round trip between obstacles, they gain
an additional phase change of e�2jy as well as the factor G1G2. Each such round
trip path adds another term to the expression for the V2 wave traveling toward
the load. The result is an infinite series of terms:

V2

V1
¼ T1T2e

�jy½1þ G1G2e
�2jy þ ðG1G2e

�2jyÞ2 þ � � � � ð4:8-5Þ

The magnitude of the quantity outside the brackets, jT1T2j, is the simple loss
ratio. The quantity inside the square brackets, 1þ G1G2e

�2jy þ ðG1G2e
�2jyÞ2 þ

� � � , is the e¤ect of the reflective interaction between the two obstacles on the
transmission line. Fortunately, this infinite series has a closed form [2, pp. 2–3],
namely

1þ xþ x2 þ x3 þ � � � ¼ 1

1� x
for jxj < 1 ð4:8-6Þ

Because jG1G2e
�2jyj < 1 for passive obstacles, (4.8-5) reduces to

V2

V1
¼ T1T2e

�jy½1þ G1G2e
�2jy��1 ð4:8-7Þ

Since insertion loss is IL ¼ 20 logjV1=V2j, the actual insertion loss for the cir-
cuit in Figure 4.8-2 is

IL ðactualÞ ¼ 20 logjT1j�1 þ 20 logjT2j�1 þ jMEj ðdBÞ ð4:8-8Þ
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where ME is called the mismatch error and given by

ME ¼ 20 log10j1� G1G2e
�j2yj ðdBÞ ð4:8-9Þ

The mismatch error can either increase or decrease the base insertion loss of the
two obstacles. The extreme values for ME are given, respectively, by using the
þ and � options. That is,

ME ðextreme valuesÞ ¼ 20 log½1G r1r2� ð4:8-10Þ

where r1 and r2 are the magnitudes of the reflection coe‰cients.
The larger the product of the reflection coe‰cients, the larger the mismatch

error, and accordingly the larger the spread between maximum and minimum
mismatch loss values. Customarily, it is usually the extreme mismatch error

values that are called the mismatch errors because they are the error limits that
can be experienced by ignoring the interaction of two reflections spaced along a
transmission line. Notice that the mismatch error occurs between each pair of

obstacles. If there are three obstacles spaced along a transmission line, there can
be two separate mismatch errors.

A mismatch error can occur between a practical generator (or measurement
system) and the reflections of a device under test if the generator is not perfectly
matched to the transmission line. Mismatch errors also occur between con-
nectors when neither has a unity VSWR and/or when one or more imperfectly
matched connectors interact with an imperfectly matched device to which they
are attached. In summary a mismatch error can arise whenever two causes of

reflection are spaced along a transmission system.
Mismatch errors are especially large with cascaded reactive filters because

these circuits accomplish their filtering action by reflecting power in the stop-
band. For example, suppose that two reactive filters are connected in cascade,
each having 20 dB of isolation (when installed between matched source and
load) at a frequency we wish to block. We would expect, neglecting reflective
interaction, to obtain 40 dB of isolation in the stopband, the sum of the sepa-
rate isolation values of the two filters. However, to provide 20 dB of isolation
reactively, each filter must have r ¼ 0:995, or r2 ¼ 0:99. For the pair of filters
the mismatch error limits are

MEþ ¼ 20 logð1þ 0:99Þ ¼ þ6 dB ð4:8-11aÞ

ME� ¼ 20 logð1� 0:99Þ ¼ �40 dB ð4:8-11bÞ

In the first case, MEþ has the same sign as the base losses. Thus, under ideal
spacing of the filters, we can obtain 46 dB of stopband isolation. This is 6 dB
greater isolation than expected from the simple addition of the individual iso-
lation values. However, in the second case, ME�, which occurs with the least
optimal spacing, placing two lossless, reactive 20-dB filters in cascade may yield
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0 dB of total attenuation. Nor is this unfavorable spacing unlikely since the
stopband may represent a very wide frequency bandwidth over which the least
favorable electrical spacing is likely to occur at various stopband frequencies.

Of course, real filters, even if designed as reactive networks, have finite loss,
and the observation of 0 dB loss for a pair of them is a limiting, but unreal-
izable condition. Nevertheless, the calculation shown above suggests that a
substantial reduction in isolation from that expected when ignoring VSWR in-
teraction is readily possible, dependent upon their electrical spacing at each
stopband frequency.

Interestingly, there is another way of treating an interacting pair of mis-
matches using their VSWR values [3, Example 4.5, 8]. The overall VSWR due
to a pair of dissipationless mismatches having individual VSWR values SWR1

and SWR2 (where SWR1 > SWR2) that are referenced to and separated by a
length of lossless Z0 line can range from SWR1=SWR2 to ðSWR1ÞðSWR2Þ.

Applying this to the previous example, for a reactive filter providing 20 dB
of isolation, 1=ð1� r2Þ ¼ 100, therefore r ¼ 0:994987 and the corresponding
SWR1 ¼ SWR2 ¼ 397:997487. Since the VSWRs are equal, SWR1=SWR2 ¼ 1
and their minimum insertion loss is 0 dB. The maximum VSWR ¼ ð397:99Þ2 ¼
158;402. The corresponding r ¼ 0:999987. The return loss is 1=ð1� r2Þ ¼
39;601 ¼ 45:98 dB, which probably agrees with the prior estimates of 0 and 46
dB within the accuracy of the significant figures carried in the calculations.

4.9 THE TELEGRAPHER EQUATIONS

To establish a mathematical basis for the analysis of transmission lines, we
shall use a uniform line equivalent circuit that includes line losses, as shown in
Figure 4.9-1. Note that, while the series elements are shown only in the upper
conductor, this equivalent circuit is applicable to both balanced and unbal-
anced transmission lines. Also, this analysis applies to any waveforms that
propagate on the transmission line, not just sinusoidal excitations.

In this equivalent circuit R;L;G, and C are, respectively, the series resis-
tance, series inductance, shunt conductance, and shunt capacitance per unit

Figure 4.9-1 Equivalent circuit, including losses, for infinitesimally short length of
uniform transmission line.
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length of the transmission line. The small section of transmission line can be
analyzed by applying Kirchho¤ ’s laws and taking the llimit as this circuit
length tends to zero to obtain the di¤erential equations for the circuit [4, p. 23].
Kirchho¤ ’s voltage law requires that the sum of the voltages about a closed
loop is zero. Thus

vðx; tÞ � RDx iðx; tÞ � LDx
qiðx; tÞ

qt
� vðxþ Dx; tÞ ¼ 0 ð4:9-1Þ

Similarly, applying Kirchho¤ ’s current law, which requires that the sum of the
currents into a circuit node be zero, gives

iðx; tÞ � GDx vðxþ Dx; tÞ � C Dx
qvðxþ Dx; tÞ

qt
� iðxþ Dx; tÞ ¼ 0 ð4:9-2Þ

For the above two equations, divide all terms by Dx and let Dx ! 0. Note that
as Dx ! 0

vðxþ Dx; tÞ ! vðx; tÞ

iðxþ Dx; tÞ ! iðx; tÞ

Also,

vðxþ Dx; tÞ � vðx; tÞ
Dx

! qvðx; tÞ
qt

iðxþ Dx; tÞ � iðx; tÞ
Dx

! qiðx; tÞ
qt

The resulting di¤erential equations in (4.9-3) are the time-domain form of the
transmission line equations and are called the telegrapher equations, presum-
ably because their initial use was in the analysis and design of long telegraph
lines:

qvðx; tÞ
qx

¼ �Riðx; tÞ � L
qiðx; tÞ

qt
ð4:9-3aÞ

qiðx; tÞ
qx

¼ �Gvðx; tÞ � C
qvðx; tÞ

qt
ð4:9-3bÞ

4.10 TRANSMISSION LINE WAVE EQUATIONS

These telegrapher equations apply for any time-varying vðx; tÞ and iðx; tÞ on the
transmission line. In the steady-state sinusoidally excited case, they reduce to
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dVðxÞ
dx

¼ �ðRþ joLÞIðxÞ ð4:10-1aÞ

dIðxÞ
dx

¼ �ðG þ joCÞVðxÞ ð4:10-1bÞ

in which R;L;G, and C are per unit length and VðxÞ and IðxÞ are the phasor
forms of vðx; tÞ and iðx; tÞ, whose time variation is implicit. These two equa-
tions can be solved simultaneously to yield two equations, one a function of
only V and the other a function of only I . To do so, for example, di¤erentiate
the second equation with respect to x to get

d 2IðxÞ
dx2

¼ �ðG þ joCÞ dVðxÞ
dx

or

dVðxÞ
dx

¼ � 1

G þ joC

d 2IðxÞ
dx2

ð4:10-2Þ

Then substitute this value for dVðxÞ=dx into (4.10-1a).

d 2IðxÞ
dx2

� ðRþ joLÞðG þ joCÞIðxÞ ¼ 0

or

d 2IðxÞ
dx2

� g2IðxÞ ¼ 0 ð4:10-3aÞ

Using the same procedure, (4.10-1b) yields

d 2VðxÞ
dx2

� g2VðxÞ ¼ 0 ð4:10-3bÞ

in which we define

g1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðRþ joLÞðG þ joCÞ
p

ð4:10-4Þ

Solving di¤erential equations involves removing the di¤erentials (integrating)
by guessing or recognizing the solution from prior di¤erentiation experience.
The only functions that are unchanged after double di¤erentiation are the ex-
ponentials, eGgx. (A close possibility would have been sin gx, however, twice
di¤erentiating sin gx would give minus sin gx.) A second-order di¤erential
equation such as this should have two independent solutions. In this case the
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two solutions correspond to the two values for the G sign, they are

d 2egx

dx2
¼ g2egx and

d 2e�gx

dx2
¼ g2e�gx

Accordingly, the sum of these two solutions represents the complete solution to
either (4.10-3a) or (4.10-3b).

VðxÞ ¼ VIe
�gx þ VRe

þgx ð4:10-5aÞ

IðxÞ ¼ II e
�gx � IRe

þgx ð4:10-5bÞ

where g is the propagation constant for the voltage and current waves. Use of
the negative sign before IR in (4.10-5b) results in the same value for the reflec-
tion coe‰cient for I as for V . Physically the two terms in each equation corre-
spond to waves propagating, respectively, in the þx and �x directions. These
two equations are called the wave equations for a uniform transmission line.

4.11 WAVE PROPAGATION

The terms with negative exponents (such as VIe
�gx) correspond to a wave

propagating in the þx direction, from left to right in Figure 4.9-1. Since the
generator is attached at the left and the load at the right in Figure 4.9-1, this
corresponds to an incident wave, hence the subscript I . Similarly, the positive
exponent terms (such as VRe

þgx) correspond to a wave traveling in the �x di-
rection and represent a reflected wave in our convention. These use the sub-
script R.

The total voltage at any x location on the line is the phasor sum of the inci-
dent and reflected voltages, VðxÞ ¼ VI ðxÞ þ VRðxÞ and IðxÞ ¼ II ðxÞ � IRðxÞ.
We can cast the relationship between VðxÞ and IðxÞ into the format of imped-
ance by resorting to their interrelation expressed in either (4.10-1a) or (4.10-1b).
For example, invoking (4.10-1a) and substituting into it the value for VðxÞ
given by (4.10-5a) gives

IðxÞ ¼ � 1

Rþ joL

dVðxÞ
dx

¼ � 1

Rþ joL

dðVIe
�gx þ VRe

þgxÞ
dx

IðxÞ ¼ g

Rþ joL
ðVIe

�gx � VRe
þgxÞ

ð4:11-1Þ

From this we see that the current, IðxÞ has terms that are of the same form as
those of the voltage VðxÞ, but there is a negative sign between them. This is
because the current convention for reflected waves reverses while that for vol-
tages does not.
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The factor ðRþ joLÞ=g has the dimensions of impedance and is called the
characteristic impedance Z0 of the transmission line. It can be rewritten as

Z0 ¼
Rþ joL

g
¼ Rþ joL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðRþ joLÞðG þ joCÞ
p

Z0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Rþ joL

G þ joC

s ð4:11-2Þ

With this definition, the equation for IðxÞ has exactly the form of Ohm’s law,
noting that the minus sign between terms accounts for the reversal of current
direction for a reflected wave. In other words, Z0 is the ratio of the respective

voltage to current of waves traveling in either direction:

IðxÞ ¼ II ðxÞ � IRðxÞ ¼
VI

Z0
e�gx � VR

Z0
eþgx ð4:11-3Þ

Notice that for a lossy line, for which R and G are nonzero, the characteris-
tic impedance is a complex quantity that varies with frequency. However, for
the lossless line, the characteristic impedance is a constant, independent of fre-

quency and given by

Z0 ¼
ffiffiffiffi

L

C

r

ð4:11-4Þ

For high frequency, low-loss transmission lines, (4.11-4) is a good approxima-
tion, since oLgR and oCgG. For a transmission line with loss, the propa-
gation constant g is a complex quantity. Conventionally this is written with real
and imaginary parts as

g ¼ aþ jb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðRþ joLÞðG þ joCÞ
p

ð4:11-5Þ

where a and b are, respectively, the attenuation and phase constants of the
transmission line with units of reciprocal length. The real term, a, is responsible
for loss and is expressed in nepers/unit length; and the imaginary quantity, b, is
responsible for phase change and is expressed in radians/unit length.

For a transmission line having loss, both the incident and reflected waves
diminish in amplitude as they travel along the line due to dissipative and/or
radiative losses. For an incident wave the amplitude diminishes with x accord-
ing to the factor e�ax. For example, if a were 0.1 nepers/meter, then a wave
traveling 1 m would have its amplitude decreased by the factor e�0:1 ¼ 0:9.
That is, the voltage of the traveling wave would be reduced by 10%. Since
power is proportional to the square of the voltage, the power loss would be
about 19% or 0.8686 dB for this 1-m length of line.
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Notice that this example describes the conversion between loss in nepers and
decibels, namely Loss ðdBÞ ¼ 8:686 loss ðnepersÞ, conversely Loss ðnepersÞ ¼
0:115 loss ðdBÞ. These conversions are listed in the inside cover summaries for
convenient reference.

As noted, the imaginary portion of the propagation constant b produces a
phase change in the wave as a function of distance. It has the dimensions of
radians/unit length or, optionally, degrees/unit length. An any instant of time,
with time frozen so to speak, a snapshot of the voltage amplitude along the line
of the incident wave (assuming there is no reflected wave for this example)
would be a sinusoid. The distance between adjacent wave crests, or between
adjacent troughs, or between any other similar pair of corresponding points of
the wave sinusoid is the wavelength l. Since the sinusoid completes a cycle in
2p radians, it follows that

b ¼ 2p

l
radians=unit length ð4:11-6aÞ

b ¼ 360�

l
degrees=unit length ð4:11-6bÞ

For the lossless line,

a ¼ 0 ð4:11-7aÞ

b ¼ o
ffiffiffiffiffiffiffi

LC
p

ð4:11-7bÞ

Usually one does not know explicitly the distributed L and C values for a
transmission line. Conventionally, the transmission line Z0 is provided, along
with the e¤ective relative dielectric constant eR of the line. Therefore, it is more
convenient to determine electrical length by first determining the wavelength on
the line, finding the fraction of a wavelength of the circuit in question, and
multiplying either by 2p for length in radians or by 360� to obtain electrical
length in degrees. This is demonstrated by the following example.

Electrical length can be expressed in either radians or degrees. For example,
consider a 6 in. length ðx ¼ 6 in:Þ of coaxial cable having a polyethylene insu-
lator between its inner and outer conductors, for which the relative dielectric
constant is 2.26. What is the cable’s electrical length y at 1 GHz? Since the
wavelength in free space for a 1-GHz sinusoid is 11.8 in.,

y ¼ bx ¼ x

l
360� ¼ x

l0=
ffiffiffiffiffi

eR
p 360� ¼ 6 in:

11:8 in:=
ffiffiffiffiffiffiffiffiffi

2:26
p 360� ¼ 275� ð4:11-8Þ

Since 2p radians corresponds to 360�, the electrical length in radians is

y ¼ 275�
6:28

360�
¼ 4:80 rad ð4:11-9Þ
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Notice that it was not necessary to determine b explicitly. However, since the
wavelength in the cable at 1 GHz is 7.85 in., then

b ¼ 360�

7:85 in:
¼ 45:9�=in: at 1 GHz ð4:11-10Þ

Note from (4.11-7b) that b is frequency dependent. In a nondispersive trans-
mission media (for which electrical length is proportional to frequency), b is
directly proportional to frequency. Thus, at 1.2 GHz the same cable would
have a propagation constant of

b ¼ 1:2 GHz

1 GHz
45:9�=in: ¼ 55:1�=in: at 1:2 GHz ð4:11-11Þ

and the same 6-in. cable would have an electrical length of 330� or 5.76 rad at
1.2 GHz.

4.12 PHASE AND GROUP VELOCITIES

The incident wave, traveling from the generator toward the load, is, from
(4.10-5a)

VðxÞIncident ¼ VIe
�gx ð4:12-1Þ

in which VI is a phasor with implicit sinusoidal time variation. Written ex-
plicitly

vðxÞI ¼ Re½VIe
�gxe jot� ¼ Ce�ax cosðot� bxþ jÞ ð4:12-2Þ

where C is a constant amplitude factor and j is the initial phase of the wave at
t ¼ x ¼ 0. This is interpreted as a sinusoidal wave propagating in the þx di-
rection with an exponential attenuation due to the factor a. The phase constant
b is given in (4.11-6), namely, b ¼ 2p=l. A similar equation can be written for
the reflected wave that travels back toward the generator in the �x direction.
The voltage vðx; tÞI has a constant phase for

bx ¼ ot or x ¼ ot

b
ð4:12-3Þ

Therefore, a constant phase point on the traveling wave moves at a phase

velocity given by dx=dt or

vP ¼ o

b
ð4:12-4Þ
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Thus, the voltage on the transmission line for either an incident or reflected
wave varies as [4, pp. 45–46]

e jðot�bxÞ ¼ e joðt�x=vPÞ ð4:12-5Þ

Any periodic function of time can be represented as a sum of sinusoidal waves
using a Fourier analysis (see Section 7.27). If vP is the same for all of them,
then their addition will faithfully reproduce along the line the temporal wave
shape at the input, only delayed by the time of propagation x=vP. This is the
case for a lossless transmission line having g ¼ jb ¼ o

ffiffiffiffiffiffiffi

LC
p

for which

vP ¼ 1
ffiffiffiffiffiffiffi

LC
p ð4:12-6Þ

For lossless transverse electromagnetic (TEM) mode transmission lines, the
velocity at which a constant phase, vP, moves on the line and the velocity at
which a packet of information, such as a modulation envelope, moves, vG, are
identical and simply equal to the velocity of propagation, v.

This produces a convenient means for determining the characteristic imped-
ance of the TEM mode for a lossless line. Since

Z0 ¼
ffiffiffiffi

L

C

r

and

v ¼ 1
ffiffiffiffiffiffiffi

LC
p

Therefore,

Z0 ¼
1

vC
ð4:12-7Þ

This equation provides a convenient expression for determining the character-
istic impedance of a TEM mode, lossless transmission line if its distributed
capacitance and velocity of propagation are known.

However, for transmission lines having losses and for waveguides vP does
vary with frequency, dispersion occurs, and the signal waveform at the input
will be distorted as its separate frequency components travel along the line at
di¤erent velocities. If the dispersion is significant, it may not be meaningful to
speak of a single propagation delay for a signal waveform. However, if the
dispersion is moderate over the signal frequency bandwidth, an approximate
group velocity vG can be defined [4]. To determine its value, suppose that an

98 DISTRIBUTED CIRCUITS



incident voltage wave, v1, consists of two frequencies that are traveling on the
line, one lower and one higher in frequency than o0, respectively, having a
combined value at x ¼ 0 given by

vI ðx ¼ 0; tÞ ¼ A½sinðo0 � doÞtþ sinðo0 þ doÞt� ð4:12-8Þ

Then, at a general point x on the line

vI ðx; tÞ ¼ Afsin½ðo0 � doÞt� ðb0 � dbÞx� þ sin½ðo0 þ doÞt� ðb0 þ dbÞx�g

in which b is assumed to be a function of o and hence is the reason for the
di¤erential db. Rearranging terms in the arguments gives

vI ðx; tÞ ¼ Afsin½ðo0t� b0xÞ � ðdo t� db xÞ� þ sin½ðo0t� b0xÞþ ðdo t� db xÞ�g
ð4:12-9Þ

Next, recognizing that the two sine terms are of the form sinðA� BÞ and
sinðAþ BÞ, expanding them and simplifying gives

vI ðx; tÞ ¼ 2A cosðdo t� db xÞ sinðo0t� b0xÞ ð4:12-10Þ

This reveals that the total voltage on the line corresponds to a high frequency
sinusoid varying at ot rate whose amplitude is modulated by

cos½ðdoÞt� ðdbÞx�

which varies with both time and distance. The modulation, itself, has the
properties of a traveling wave. A constant phase of the modulation occurs for

ðdoÞt ¼ ðdbÞx ð4:12-11Þ

from which a group velocity, vG ¼ x=t, can be defined as

vG ¼ do

db
ð4:12-12Þ

This can be related to the phase velocity vP ¼ o=b as follows:

vG ¼ do

db
¼ do

dðo=vPÞ
¼ 1

ðd=doÞðo=vPÞ
¼ 1

½vP � oðdvP=doÞ�=v2P

vG ¼ vP

1� ðo=vPÞðdvP=doÞ

ð4:12-13Þ

This result was derived for only two frequencies, but using similar reasoning it
can be argued that a signal comprising many individual frequencies will travel
with an envelope velocity approximately equal to vG, if the dispersion is not
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too great. However, this will not be true for lines having large dispersion, but
in those cases it is inappropriate to assign any velocity to such a modulation
because its shape would be changing so rapidly as it propagates. The concept
of group velocity also is not meaningful when dvP=do is positive, a situation
called anomalous dispersion, [4, p. 48] because then, as can be seen from
(4.12-13) group velocity would appear to be infinite or negative.

4.13 REFLECTION COEFFICIENT AND IMPEDANCE

We can evaluate the reflection coe‰cient in terms of the load impedance by
dividing (4.10-5a) by (4.11-3). For this evaluation let us choose x ¼ 0 at the
load, then at the load location the exponential functions equal one and the load
impedance ZL is given by

ZL ¼ Vð0Þ
Ið0Þ ¼ Z0

VI þ VR

VI � VR

¼ Z0
1þ VR=VI

1� VR=VI

ð4:13-1Þ

where VI and VR are phasor quantities. But GðxÞ ¼ VRðxÞ=VI ðxÞ is the defini-
tion of the reflection coe‰cient and therefore

ZL ¼ Z0
1þ GL

1� GL

ð4:13-2Þ

where, in general, G and GL are complex numbers. Equivalently,

GL ¼ ZL � Z0

ZL þ Z0
¼ Y0 � YL

Y0 þ YL

ð4:13-3Þ

where Y0 ¼ 1=Z0. From this we see that there will be no reflected wave if
ZL ¼ Z0, that is, when the load impedance is equal to the characteristic im-
pedance of the line. Under this condition, all of the power incident on the line
will be absorbed in the load.

Since the choice of x ¼ 0 is arbitrary, (4.13-2) must apply for any x. It fol-
lows that

ZðxÞ ¼ Z0
1þ GðxÞ
1� GðxÞ ð4:13-4Þ

and

GðxÞ ¼ ZðxÞ � Z0

ZðxÞ þ Z0
¼ Y0 � YðxÞ

Y0 þ YðxÞ ð4:13-5Þ

for all x.
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4.14 IMPEDANCE TRANSFORMATION EQUATION

One of the most common tasks in microwave engineering is the determination
of how a load impedance ZL is transformed to a new input impedance ZIN by a
length of uniform transmission line of characteristic impedance Z0 and electri-
cal length y (Fig. 4.14-1).

To simplify this derivation, we assume that the line length is lossless. With
the choice of x ¼ 0 at the load, the input to the line is at x ¼ �l, and the input
impedance there is

ZIN ¼ Zðx ¼ �lÞ ¼ Vðx ¼ �lÞ
Iðx ¼ �lÞ ¼ Z0

e jbl þ GLe
�jbl

e jbl � GLe�jbl

� �

ð4:14-1Þ

Now substitute GL ¼ ðZL � Z0Þ=ðZL þ Z0Þ, bl ¼ y, the identities e jbl ¼
cos bl þ j sin bl and e�jbl ¼ cos bl � j sin bl into (4.14-1), and remove cancel-
ing terms to get

ZIN ¼ Z0
2ZL cos yþ j2Z0 sin y

2Z0 cos yþ j2ZL sin y

� �

ZIN ¼ Z0
ZL þ jZ0 tan y

Z0 þ jZL tan y

� �
ð4:14-2Þ

Similar reasoning can be used to evaluate the input impedance when the trans-
mission line has finite losses. The result is

ZIN ¼ Z0
ZL þ Z0 tanh gl

Z0 þ ZL tanh gl

� �

ð4:14-3Þ

This is one of the most important equations in microwave engineering and
is called the impedance transformation equation. Remarkably, (4.14-2) and
(4.14-3) have exactly the same format when derived in terms of admittance. For
the lossless line

YIN ¼ Y0
YL þ jY0 tan y

Y0 þ jYL tan y

� �

ð4:14-4Þ

Figure 4.14-1 Equivalent circuit of lossless uniform transmission line of electrical
length y and characteristic impedance Z0 terminated in impedance ZL.
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and for the line with loss

YIN ¼ Y0
YL þ Y0 tanh gl

Y0 þ YL tanh gl

� �

ð4:14-5Þ

where Y0 ¼ 1=Z0, YL ¼ 1=ZL, and YIN ¼ 1=ZIN. Expressions (4.14-4) and
(4.14-5) can be verified by substituting these equivalences, respectively, into
(4.14-2) and (4.14-3).

In general, even the lossless expressions of (4.14-2) and (4.14-4) are complex
to apply, as will be seen by a subsequent example. Beside the fact that when
ZL ¼ Z0 the line is always matched and ZIN ¼ Z0, there are four additional
cases that are both easy to apply and worthy of note.

Case 1 Lossless lines of zero length or multiples of a half wavelength present

the load impedance unchanged at their input terminals:

ZIN ¼ ZL ð4:14-6Þ

If the transmission line’s length is zero or an integer number of half wave-
lengths ð0�; 180�; 360�; 540� . . .Þ, then tan y ¼ 0, and (4.14-2) reduces to ZIN ¼
ZL. That is, whatever impedance terminates, the line will be presented un-
changed at the input.

Case 2 A short-circuit-terminated lossless transmission line is inductive for y
up to 90�, becomes an open circuit when y ¼ 90�, and is capacitive for 90� <
y < 180�. Thereafter the behavior is repeated every half wavelength. For the

short-circuit termination (4.14-2) reduces to

ZIN ¼ jZ0 tan y ð4:14-7aÞ

A plot of the input reactance ðZ0 tan yÞ for Z0 ¼ 1 is shown in Figure 4.14-2.
The line length is chosen to be 90� at 1000 MHz. Notice that when the electri-
cal length of the line is 45� (at 500 MHz) the reactance is inductive and
numerically equal to Z0, while at 135� (1500 MHz) it is capacitive and the
reactance is numerically equal to �Z0.

The fact that a shorted quarter wavelength line ðy ¼ 90�Þ becomes an open
circuit (at 1000 MHz in Fig. 4.14-2) is useful in rotary joints for antennas, bias
injection and filter networks, and a variety of other applications.

Notice also that if the shorted line section is short compared to a wave-
length, tan yAy (in radians) and (4.14-2) can be approximated as

ZINA jZ0y ¼ jo
Z0l

v

� �

ð4:14-7bÞ

since y ¼ bl ¼ ð2p=lÞl ¼ 2pð f =vÞl ¼ ol=v. For most transmission lines y is
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linearly proportional to frequency, as is the impedance of an inductor, Z ¼
joL. Therefore a short length of short-circuited terminated transmission line be-

haves as an inductor of value

LEFFA
yZ0

o
¼ Z0l

v
ðya 0:53 radÞ ð4:14-7cÞ

For example, if a 1-cm length of Z0 ¼ 120 W, air coax line is terminated in a
short:

LEFFA
Z0l

v
¼ 120ð1 cmÞ

3� 1010 cm=s
¼ 4 nH

Since 1 cmA0:4 in:, the inductance of a high impedance air-dielectric line
is approximately equal to 10 nH/in., the approximation presented earlier in
(2.12-6).

The approximation (4.14-7c) also applies to a short length of Z0 trans-
mission line terminated in a load ZL provided that its characteristic imped-
ance Z0 g jZLj, as can be verified by applying this condition and tan yAy in
(4.14-2).

The approximation tan yAy occurs frequently and has an error magni-
tude of less than 10% for values of y up to 0.524 rad (30�). A radian is
360�=2pA57:3�. Thus 0.5 rad is nearly 1

12 of a wavelength. The values of y and

Figure 4.14-2 Reactance of lossless short-circuited transmission line versus frequency
(y ¼ 90� at 1 GHz).
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tan y are compared in Table 4.14-1 along with the size of the error in using this
approximation, showing that the error magnitude is less than 10% at y ¼ 30�

and diminishes rapidly for lesser values of y.

Case 3 An open-circuit terminated lossless transmission line is capacitive

for y up to 90�, becomes a short circuit when y ¼ 90�, and is inductive for

90� < y < 180�. Thereafter the behavior is repeated every half wavelength. Thus,
from (4.14-4) with YL ¼ 0

YIN ¼ jY0 tan y or ZIN ¼ �jZ0 cot y ð4:14-8aÞ

This is plotted in Figure 4.14-3. Notice that the input reactance magnitude is
capacitive and equal to �Z0 when the line is 45� long (500 MHz). For y ¼ 90�

(1000 MHz in Fig. 4.14-3) the open-circuit load is transformed to a short cir-
cuit at the input. It is inductive and equal to Z0 when 135� long (1500 MHz).
The input repeats every half wavelength after 180�. The facility for trans-
forming an open circuit to a short circuit is equally useful in a variety of mi-
crowave circuits.

TABLE 4.14-1 Approximating tan y by Its Argument y (in radians)

y (deg) 0 10 20 25 30
y (rad) 0 0.175 0.349 0.436 0.524
tan y 0 0.176 0.364 0.466 0.577
Error in tan yAy 0 �0.6% �4.1% �6.4% �9.1%

Figure 4.14-3 Normalized reactance of lossless open-circuited transmission line versus
frequency (electrical length ¼ 90� at 1 GHz).
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By using similar reasoning to that applied to a short section of a shorted
transmission line, and again applying the approximation tan yAy for small
values of y, a short section of open-circuited transmission line has a capacitive
admittance given by

YINA jY0y ð4:14-8bÞ

Since BC ¼ oC and y ¼ ol=v, the equivalent capacitance is

CEFFA
y

oZ0
¼ l

Z0v
ðya 0:53 radÞ ð4:14-8cÞ

and a reactance of

1

oC
A

Z0

y
ð4:14-8dÞ

For example, a section of 25-W line that is 20� long at 1 GHz has an equivalent
capacitance of

CEFFA
0:35 rad

6:28� 1� 109 Hz� 25 W
¼ 2:2 pF

Its reactance XC at 1 GHz is

1

oCEFF
A

25 W

0:35
¼ 71 W

If a short length of Y0 line is connected to a load of admittance YL, it behaves
as a shunt capacitance approximated by (4.14-8c) provided that jYLjfY0

ði:e:; jZLjgZ0Þ and tan yAy.

Case 4 The normalized input impedance to a quarter wavelength long trans-

mission line is the reciprocal of the normalized load impedance.
When the transmission line is a quarter wavelength long, y ¼ 90�, and the

input impedance to the line is

ZIN ¼ Z0
Z0

ZL

ð4:14-9Þ

Normalizing to Z0 (dividing all impedances by Z0),

zIN ¼ 1

zL
ð4:14-10Þ
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For this reason a quarter wavelength line is often called an impedance inverter.
Notice that the normalized input impedance is equal to the normalized load
admittance, that is,

zIN ¼ 1

zL
¼ yL ð4:14-11Þ

where the normalized admittance yL ¼ YL=Y0 and Y0 ¼ 1=Z0.
Later we will see that this property allows us to convert between admittance

and impedance using the Smith chart. Notice also that this impedance inverting
property occurs not only for quarter wavelength length lines but for line lengths
that are any odd multiple of a quarter wavelength ðl=4; 3l=4; 5l=4; . . .Þ.

In general, to transform any resistive load RL to a desired input resistance
RIN, one need only select a quarter wave line section having a Z0 that satisfies

Z0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

RINRL

p

ð4:14-12Þ

As an example of the resistive transformation of a 90� line length, consider a
50-W, quarter wavelength, transmission line terminated in 25 W. From (4.14-9)
the input resistance is

ZIN ¼ Z0
Z0

ZL

¼ 50
50

25
¼ 100 W ð4:14-13Þ

Thus, the 25-W resistive load has been ‘‘transformed’’ to an input resistance of
100 W at 1 GHz, and the variation of the input impedance with frequency for
this case is shown in Figure 4.14-4.

It is a common but ill-advised practice to refer to the quarter wavelength
transmission line as a quarter wave transformer because the inversion property
can be used to transform a resistive load of one value to an input resistance of
another value at a single frequency. However, this practice should be avoided.
It is better to visualize it as a quarter wave impedance inverter, recognizing that
even that property is limited to a single frequency of operation.

The inversion changes the real parts of the load, but in addition the sign of
the imaginary part is also reversed, turning an impedance with an inductive
part into one with a capacitive part or vice versa. For example, if in the prior
case, rather than a purely resistive load of 25 W, we had instead a load of
ð25þ j25Þ W, the input impedance becomes

ZIN ¼ Z0
Z0

ZL

¼ 50
50

25þ j25
¼ 50

50

25þ j25

25� j25

25� j25

¼ ð2500Þð25� j25Þ
625þ 625

¼ ð50� j50Þ W ð4:14-14Þ

Notice that the transformation ratio of the real part is now 2 instead of the
4 obtained with a purely resistive load. Equally noteworthy, notice that the
imaginary part of the input impedance is capacitive whereas the load’s imagi-
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nary part was inductive! Thus the action of the quarter wavelength transmission

line is quite di¤erent from that of an ideal impedance transformer, which simply
multiplies any impedance by a constant factor.

Also, an ideal transformer, which is well approximated at low frequencies by
a pair of magnetically coupled wire windings, has a fixed impedance transfor-

mation ratio that is frequency independent. On the other hand, the impedance
transforming property of a quarter wave line section only approximates a con-
stant transformation ratio for resistive loads and only over a narrow bandwidth
centered at the design frequency as shown in Figure 4.14-4. Despite these limi-
tations, the quarter wavelength line section has considerable practical utility for
its transforming properties.

The preceding four special transmission line cases demonstrate the insight to
be gained by application of the input impedance formula of (4.14-2). This for-
mula is key to transmission line analyses. However, for complex load values
and arbitrary line lengths, the formula can be quite tedious to apply. As an
example, suppose that we wish to find the input impedance to a 50-W line that
is 50� long and terminated in a load impedance of ð25þ j30Þ W (Fig. 4.14-5).

Figure 4.14-4 Variation of input impedance with frequency when 50-W ‘‘impedance
inverter’’ is used to match load of 25 W to input resistance of 100 W at 1 GHz.
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Applying (4.14-2) gives

ZIN ¼ Z0
ZL þ jZ0 tan y

Z0 þ jZL tan y

� �

¼ 50
25þ j30þ j50 tan 50�

50þ jð25þ j30Þ tan 50�

¼ 50
25þ jð30þ 59:6Þ
50� 35:8þ j29:8

¼ 50
25þ j89:6

�14:2þ j29:8

¼ 50

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

625þ 8027
p

J74:4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

202þ 888
p

J64:5�
¼ 50

93:0J74:4�

33:0J64:5�

¼ 141J10� ¼ ð139þ j24Þ W ð4:14-15Þ

Notice that the 25-W real part of the load has been transformed to 139 W and
that the þj30-W imaginary part of the load has been transformed to j24-W.
From this it can be seen that, in general, the impedance transformation proper-

ties of a simple transmission line can be quite complex.
It is tedious to perform this calculation and very easy to make a mathemat-

ical error while doing so, thereby obtaining an erroneous result. Also, the cal-
culation must be re-performed for each frequency of evaluation.

It would be a considerable challenge to predict, using only (4.14-2), how ZIN

varies with y as it is varied over, say, 0� to 180�. This evaluation would require
charting ZIN for numerous y values using the laborious calculation method
described in (4.14-15). It was for this reason that Phillip Smith found an el-
egant graphical solution to determine input impedance, the subject of the next
chapter.

4.15 IMPEDANCE MATCHING WITH ONE TRANSMISSION LINE

In the previous section it was shown that a length of transmission line can
transform a real load resistance to one of a di¤erent value. Accordingly, one
might ask whether any complex load impedance ZL ¼ RL þ jXL can be con-

Figure 4.14-5 Example of determination of input impedance to length of 50-W trans-
mission line terminated in a complex impedance of ð25þ j30Þ W.
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jugately matched to any other complex source impedance, ZG ¼ RG þ jXG,
merely by proper selection of a line length of the appropriate Z0 and electrical
length y. The following derivation (refer to Figure 4.15-1) yields the conditions
under which this can be achieved.

From (4.14-2) with ZIN set equal to the complex conjugate of ZG,

ZIN ¼ RG � jXG ¼ Z0
ZL þ jZ0 tan y

Z0 þ jZL tan y
ð4:15-1Þ

Next, set the real and imaginary parts of this equation separately equal to each
other and solve for Z0 and y. Note that � jXG was used in the equation in order
that ZIN will be the complex conjugate of ZG:

Z0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

RLðR2
G þ X 2

GÞ � RGðR2
L þ X 2

LÞ
RG � RL

s

ð4:15-2Þ

y ¼ tan�1 Z0ðRL � RGÞ
RLXG � RGXL

� �

ð4:15-3Þ

The above equations are always mathematically valid, however, a practical
solution exists only when the solution for Z0 is a real and finite number.

4.16 FANO’S (AND BODE’S) LIMIT

Type A Mismatched Loads

Over a given bandwidth there is a definite limit to how well one can tune a
mismatched termination. The most well known are called Fano’s limits. Fano
derived these interesting and useful results within a thesis project [5].

Figure 4.15-1 Conjugately matching complex load impedance ZL to a generator im-
pedance ZG, using only transmission line of characteristic impedance Z0 and electrical
length y.
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One of Fano’s two integral equation limits applies to what he described as
type A mismatched loads (Fig. 4.16-1). It is

ðy

0

ln
1

G

�

�

�

�

�

�

�

�
doa

po0

Q
ð4:16-1Þ

where the reflection coe‰cient G is referenced to ZG and the real part of ZG is
R, the same as the load resistance R in Figure 4.16-1.

Basically, (4.16-1) states that no matter what matching circuit is used, the
area under the lnð1=GÞ curve cannot exceed the value po0=Q. Given this limit,
we would usually prefer that GMIN would be obtained over our specified band-
width, o1 � o2, and then that G be unity for all other frequencies. This ideal
matching requirement is shown in Figure 4.16-2.

In practice, of course, the matching behavior described in Figure 4.16-2 can
only be approximated using real tuning circuits, but the ideal limit serves as an
insightful restriction on how well a circuit can be tuned over a given band-
width.

If we assume that the reflection coe‰cient is a constant equal to its mini-
mum value in the passband, then the integral for the type A mismatched loads
reduces to a constant multiplied by the frequency interval:

ðy

0

ln
1

G

�

�

�

�

�

�

�

�
do ¼ ðo2 � o1Þ ln

1

G

�

�

�

�

�

�

�

�
ð4:16-2Þ

where o1 is the frequency (in radians/second) at the lower band edge and o2 is

Figure 4.16-1 Fano’s type A mismatched loads [5, 6].
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the upper band edge. We also define

Center frequency ¼ o0 ¼
ffiffiffiffiffiffiffiffiffiffiffi

o1o2
p ð4:16-3Þ

and

Fractional bandwidth ¼ Do ¼ o2 � o1

o0
ð4:16-4Þ

Then for the type A mismatched load, assuming that a minimum and constant
value of reflection coe‰cient, GMIN, could be obtained throughout the pass-
band o1 � o2

ðo2 � o1Þ ln
1

GMIN

�

�

�

�

�

�

�

�
a

po0

QL

ð4:16-5Þ

Equivalently,

jGMINjb e�po0=Qðo2�o1Þ ¼ e�ðp=QÞð f0=Df Þ ð4:16-6Þ

where f0 ¼ o0=2p and Df ¼ ðo2 � o1Þ=2p.
For example, assume there is a type A circuit consisting of a 50-W load re-

sistor in parallel with a 10-pF capacitor to be matched to a 50-W generator over
the 700- to 1100-MHz band. Notice that 10 pF presents a large susceptance
in parallel with the 50-W load at the geometric center of this frequency band,
877.5 MHz. In reactance terms, at 877.5 MHz this is a capacitive reactance of
only 18.1 W!

Figure 4.16-2 Idealized GMIN match in the passband and total reflection ðGMIN ¼ 1Þ at
all other frequencies [5, 6].
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The minimum reflection coe‰cient magnitude, jGMINj, that we can expect to
average over the band is found as follows.

First, calculate Q; f0, and Df :

f0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð700Þð1100Þ
p

MHz ¼ 877:5 MHz

XC ¼ 159

ð10 pFÞð0:8775 GHzÞ ¼ 18:1 W

Q ¼ R

XC

¼ 50 W

18:1 W
¼ 2:76

D f ¼ 700� 1100 ¼ 400 MHz

Then

jGMINjb eð�p=QÞð f0=Df Þ ¼ eð�3:14=2:76Þð877:5=400Þ ¼ e�2:5 ¼ 0:082 ð4:16-7Þ

and the corresponding minimum average VSWR is

VSWRMIN ¼ 1þ jGMINj
1� jGMINj

¼ 1þ 0:082

1� 0:082
¼ 1:18 ð4:16-8Þ

To examine this case, a 10-element ladder network was used as a matching
network [10, Sec. 5.3]. The element values were selected arbitrarily, 10 nH for
inductors and 10 pF for capacitors, and the circuit optimized using a network
simulator. The simulation goal was set equal to a 1.2 maximum VSWR over
the 700 to 1100 MHz bandwidth. The result, obtained once the optimization
appeared to produce little further improvement, is shown in Figure 4.16-3. An
average VSWR of about 1.3 was obtained over the 700 to 1100 MHz band-
width, comparing moderately well with the theoretical limit of 1.18.

Type B Mismatched Loads

Similar reasoning can be used with Fano’s type B mismatched loads (Fig.
4.16-4), for which Fano’s integral limit is

ðy

0

1

o2
ln

1

G

�

�

�

�

�

�

�

�
doa

Q

po0
ð4:16-9Þ

The limits for both type A and type B mismatched loads are commonly at-
tributed to Fano [5]; however, Fano, himself, credits the limit for the type A
circuits to Bode [7]. Whatever their origin, the limits give a useful insight into
the problem of broadband matching.
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Impedance Transformation Not Included

When Fano and Bode performed their research, presumably for the telephone
industry, the frequencies of their concern were relatively low, a few megahertz.
For this reason they probably considered that a simple change in resistive level
could always be accommodated using an ‘‘ideal’’ transformer, which has no
bandwidth limitations. Probably for this reason, they only considered the reac-
tive part of the load as a mismatch with inherent bandwidth limitations. At

Figure 4.16-3 A 10-element matching network and its VSWR.
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microwave frequencies the construction of a transformer that approximates
frequency-independent behavior is not as practical. Thus, the usefulness of
Fano’s limits at microwave frequencies are mainly confined to those cases for
which the load has the correct resistive value ðR ¼ ZGÞ but has some series or
shunt reactance that must be tuned using a matching network.
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EXERCISES

E4.1-1 A manufacturer of PIN switching diodes proposes to make a broad-
band switch module consisting of a PIN diode in shunt with a 50-W
transmission line. When the diode is reverse biased, it appears as a
0.5-pF capacitor in shunt with the transmission line and is to pass
signals with minimum reflection.

He suggests to you that if the hookup wires (from the top of the
diode to the center conductor of the line and shown as L1 and L2
above) are designed to have inductance values to satisfy

Z0 ¼
ffiffiffiffi

L

C

r

¼ 50 W

the module will be electrically indistinguishable from a length of
50-W line and consequently will provide matched transmission at all
frequencies.

a. What should the hookup wire inductances (L=2 each) be made to
satisfy the above relation?

b. Is it correct that this will provide an infinitely broadband trans-
mission match?
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c. Test your answer on a network simulator over the bandwidth 0 to
10 GHz.

E4.1-2 A 50-W air dielectric coaxial transmission line has an inner diameter
of the outer conductor equal to 0.500 in. and a center conductor di-
ameter of 0.217 in. What is its distributed capacitance per inch?

E4.4-1 A voltage wave with 100-V peak amplitude is incident on a trans-
mission line extending in the z direction. When it reaches the load,
one quarter of its power is reflected back toward the generator which
is matched to the line.

a. What is the peak voltage on the line between generator and load?

b. What is the minimum voltage on the line between generator and
load?

c. Sketch the manner in which the incident and reflected waves add
and subtract along the line as z changes for a fixed time t.

E4.5-1 a. What is the magnitude of the reflection coe‰cient in E4.4-1?

b. What is the VSWR?

E4.5-2 A friend has just purchased a boat containing a marine radio. The
radio has a built-in VSWR meter that indicates that the antenna has
a VSWR of 3 to 1.

a. How much does this reduce the radiated power of the transmitter
relative to that which would be radiated with a perfectly matched
antenna?

b. What would you advise to tune the radio to the antenna?

E4.8-1 Show that for a susceptance jB connected in shunt with an otherwise
matched transmission line of characteristic impedance Z0, the mag-
nitude of the transmission coe‰cient T is less than unity for all
values of B.

E4.8-2 You wish to send the output of a 500-MHz signal source to another
building via a 50-W coaxial cable. The cable loss is 10 dB. which
must be compensated by adding an amplifier at the output of the
source. When connected to the 50-W cable, the source sees the cable
as a reflection with VSWR ¼ 10 (equivalently, the source output
VSWR is 10), and you have a 20-dB amplifier with input VSWR of
20 to 1 referenced to 50 W. Neglecting other system interactions:

a. What will be the mismatch error in connecting this amplifier to
the source?

b. Will it overcome the 10-dB cable loss in all cases?

E4.11-1 Show that the real part of the propagation constant, a, can be ap-
proximated for a low-loss transmission line having R ohms/unit
length and no shunt conductance by
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aA
R

2Z0

E4.11-2 Use the result you derived in Exercise 4.11-1 to estimate the loss in
decibels at 1 GHz for 100 ft of JAN Type RG 224/U coaxial cable
having a copper inner conductor of 0.106 in. diameter ðd1Þ and a
copper outer conductor with 0.370 in. diameter ðd2Þ. Assume the re-
sistivity for copper is 1:72� 10�8 W-m (then conductivity, s ¼ 5:8�
107

W

/m) and neglect the conduction losses through the dielectric.
Hint: Assume an equivalent current flow within one skin depth on the

conductor surfaces.

E4.14-1 Beginning with (14.4-2) verify that

YIN ¼ Y0
YL þ jY0 tan y

Y0 þ jYL tan y

� �

E4.14-2 Show that a short length of Z0 transmission line terminated by a load
ZL can be approximated as a series inductance LEFFAZ0y=o when
Z0 g jZLj.

E4.14-3 A ham radio friend has purchased a 52-MHz transmitter with
matched impedance antenna, both 50 W. He wishes to install the an-
tenna on his roof and the transmitter in his study, a separation dis-
tance of about 25 ft. Unfortunately, he only has a 75-W cable to
make the hookup. The relative dielectric constant of the cable’s di-
electric is 2.8. Is there any way that he can retain the very good
match between transmitter and antenna using this cable?

E4.14-4 A resourceful engineer found a way to connect a 12.5-W load to a
50-W generator without reflection when provided only with a spool of
50-W cable. How did he do it?

E4.14-5 An error was made in the design of an integrated circuit narrow-band
amplifier with the result that its input impedance is ð50� j50Þ W
instead of 50 W. Your company mounts the integrated chip on a
‘‘motherboard’’ printed circuit inside a housing with 50-W con-
nectors. Vibration specifications preclude installing a lumped coil
at the input to tune the amplifier. You propose to print a section of
150-W transmission line on the motherboard in cascade between the
chip and input connector, reasoning that it will appear inductive and
help to tune the mismatch. Specifications require an input VSWR of
no more than 1.2.

a. What is the VSWR before this tuning?

b. How long should you make the 150-W line (in degrees or wave-
lengths)?
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c. What is the VSWR after the proposed tuning? Does it meet the
objective of a VSWR ¼ 1.2 maximum?

E4.14-6 An engineer has a coil of coaxial cable and needs to determine its
dielectric material for a thermal analysis. He has been told that the
dielectric material is either Teflon ðeR ¼ 2:03Þ or polyethelene
ðeR ¼ 2:26Þ. He forms a line section D ¼ 1 m long, and he places a
short circuit at its load end. Then he connects the open end to a
slotted line and examines the input impedance using a variable fre-
quency generator. He finds that it has its first resonance (a short cir-
cuit at the input) at 105.28 MHz. Can you say what the dielectric
material is?

E4.15-1 Can you find a 50-W perfectly matched input solution to E4.14-6 us-
ing a properly chosen Z0 and electrical length? If so, what are the
values?

E4.15-2 A load impedance of 10þ j10 W is to be matched to a 50-W genera-
tor. Can this be done using only a section of transmission line in
cascade with the load? What is its Z0 and electrical length y?

E4.16-1 An available power amplifier design is being considered for an ap-
plication requiring that the input VSWR not exceed 1.5 over the 1700
to 2100 MHz band. The amplifier, however, has an input resistance
of 50 W that is shunted by 10 pF capacitance and presently does not
meet this specification.

a. What is f0 for the 1700 to 2100 MHz bandwidth?

b. What is the Q of this capacitively loaded input circuit?

c. What is Fano’s limit for the least VSWR obtainable over the 1700
to 2100 MHz bandwidth?

d. What value of input shunting inductance will parallel resonate the
10 pF. Use a network simulator to determine over what band-
width the 1.5 VSWR can be achieved with this single shunt L ele-
ment. Does this meet the amplifier requirement?

e. Using as many as six tuning elements and the network simulator
optimizer, find a matching network that provides as low a VSWR
over the 1700 to 2100 MHz bandwidth as you can achieve. Does
it meet the maximum 1.5 VSWR over the 1.7 to 2.1 GHz band-
width?
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CHAPTER 5

The Smith Chart

5.1 BASIS OF THE SMITH CHART

Knowledge of the basis and use of the Smith chart, a graphical presentation
of the reflection coe‰cient with normalized impedance as a parameter overlay,
is a sine qua non for the microwave engineer. Originally created as an aid to
determining the input impedance to a transmission line, the Smith chart has
become a universal aid to the design of matching circuits and to the display of
measured data.

In the 1930s, when Phillip Smith [1–3] invented the graphical solution that
facilitated the determination of how impedances were transformed by lengths
of transmission lines, digital computers were unavailable to engineers. Engi-
neers employed graphing strategies to gain insight into the variations produced
by the independent variables of complex formulas. However, such insight was
not forthcoming by attempting directly to graph the input impedance formula
(4.14-2), repeated below, for a transmission line.

ZIN ¼ Z0
ZL þ jZ0 tan y

Z0 þ jZL tan y

� �

ð5:1-1Þ

The key to obtaining insight into this transformation was to recognize that,
although impedance varies in a complex manner as one moves away from the
load along a lossless transmission line, reflection coe‰cient variation is quite

simple! In traveling from the load to the generator along a lossless line, only the

angle of the reflection coe‰cient changes, not its magnitude (Fig. 5.1-1).
The reflection coe‰cient is the complex ratio of the reflected to the incident

voltage waves. The total voltage on the line consists of the incident, VI , and the
reflected, VR, voltages:

VðxÞ ¼ VIe
�jbx þ VRe

þjbx

VðxÞ ¼ VIe
�jy þ VRe

þjy
ð5:1-2Þ

GðxÞ ¼ VRðxÞ
VI ðxÞ

¼ rJj� ð5:1-3Þ
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where VRðxÞ ¼ VRe
þjy, VI ðxÞ ¼ VIe

�jy, and VRð0Þ=VI ð0Þ ¼ GLoad. Choosing
x ¼ 0 at the load and moving an electrical distance y toward the generator
from the load causes the reflected wave VR to have a negative change of phase,
equal to y, relative to its phase at the load. The incident wave VI has a positive
change of phase equal to y, but the incident voltage is in the denominator,
hence

G ¼ GLe
�2jy ð5:1-4Þ

Moving an electrical distance y from the load, the reflection coe‰cient argument

is reduced by �2y.
This is a key relationship. We will make use of it frequently as we use re-

flection coe‰cient change to determine the input impedance of a transmission
line.

If the relationships of (4.13-4) and (4.13-5) are normalized to Z0 (all im-
pedances divided by Z0), GðxÞ and zðxÞ ¼ ZðxÞ=Z0 are related by

zðxÞ ¼ 1þ GðxÞ
1� GðxÞ ð5:1-5Þ

GðxÞ ¼ zðxÞ � 1

zðxÞ þ 1
ð5:1-6Þ

Both of these equations are bilinear transformations [4, p. 202]. That is, they are
of the form

w ¼ Azþ B

CzþD
ð5:1-7Þ

Figure 5.1-1 Moving from the load to generator on lossless transmission line, reflection
coe‰cient changes in phase only because the amplitudes of incident voltage VI and the
reflected voltage VR do not change.
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where w and z are complex variables and A;B;C, and D are complex constants
satisfying

D ¼ AD� BC0 0 ð5:1-8Þ

The bilinear transformation is a one-to-one mapping that has been well studied
in the theory of complex functions. In the case of (5.1-5) and (5.1-6) this means
that: Every point in the zðxÞ plane corresponds to a unique point in the GðxÞ
plane, and vice versa.

To illustrate this z and G correspondence, consider the example of the load
impedance ð25þ j30Þ W terminating the 50� long, 50-W line described in Fig-
ure 4.14-5 and evaluated in (4.14-13). Normalized, this impedance and the
corresponding reflection coe‰cient at the load are

zL ¼ 0:5þ j0:6 ð5:1-9Þ

GL ¼ zL � 1

zL þ 1
¼ 0:5þ j0:6� 1

0:5þ j0:6þ 1
¼ 0:48J108� ð5:1-10Þ

Let us now determine the impedance at a point 50 electrical degrees from the
load. To do so we decrease the angle of the reflection coe‰cient by twice the
electrical length ð50�Þ of the transmission line, or 100�, to obtain the reflection
coe‰cient at an electrical distance y ¼ 50� from the load:

Gy ¼ GLe
�2jy ¼ 0:48Jð108� � 100�Þ ¼ 0:48J8� ð5:1-11Þ

The corresponding normalized impedance is

zy ¼
1þ Gy

1� Gy
¼ 1þ 0:475þ j0:07

1� 0:475� j0:07
¼ 2:76þ j0:48 ð5:1-12Þ

Zy ¼ zyð50 WÞ ¼ ð138þ j24Þ W ð5:1-13Þ

These results are plotted in the G plane diagram in Figure 5.1-2.
Our strategy has succeeded. The load impedance 25þ j30 W was normalized

to the 50-W transmission line and the corresponding reflection coe‰cient de-
termined ðGL ¼ 0:48J108�Þ. This reflection coe‰cient was transformed along
the 50� long line by preserving its magnitude (0.48) and reducing its angle
ð108�Þ by twice the electrical length of the line ð100�Þ. The resulting reflection
coe‰cient ðGL ¼ 0:48J8�Þ was used to calculate the normalized impedance
ðzy ¼ 2:76þ j0:48Þ at the input to the line, and this value, when unnormalized
to 50 W, gives the input impedance Zy ¼ ð138þ j24Þ W. This is close to the
value of ð139þ j24Þ W obtained for the same example in (4.14-13) by using the
impedance transformation formula. The small di¤erence in the real part is
likely due to round-o¤ error. Notice that we are able to treat the electrical dis-
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tance of the line to the load, y, as a positive quantity, since the clockwise rota-
tion of G takes its sign into account.

While successful, our strategy of using the simple rotation of G to calculate
the impedance transformation of a load by a line length has not resulted in any
real economy of computational e¤ort due to the need to perform the complex
transformations from z to G (5.1-6) and then from G to z (5.1-5).

However, we note that once a z plane point is mapped into the G plane it is

done once and for all, since the z and G points have a one-to-one correspon-
dence (Fig. 5.1-3). Thus, plotting normalized impedance values in the G plane
in advance would permit entering the G unit circle directly with a normalized
load impedance value and, after performing the required 2y clockwise rotation,
reading the corresponding normalized input impedance to the line. This is the
basis of the Smith chart.

However, performing this translation of the z to the G plane poses some
obvious problems. First, the flags used to identify the corresponding z and G
points take up so much room on the G chart that it would be impractical to
show a su‰cient number of them to permit accurate plotting of z. Second, the
z plane is semi-infinite for passive loads, corresponding to all impedances for
which rb 0; hence an unduly large sheet of paper would be required to ac-

Figure 5.1-2 The G plane representation of load impedance zL normalized to 50 W and
transformed through a 50� length of 50-W transmission line.
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commodate large impedances in the z plane. We note, however, that no such
problem exists in the G plane, wherein all passive loads must yield a jGja 1,
thereby fitting neatly within the unit circle.

This latter observation raises an interesting philosophical question. How can
the points of a semi-infinite area (the right half of the z plane) be mapped into a
finite area within the jGja 1 circle? The answer is similar to that of the ques-
tion: ‘‘How many angels can dance on the head of a pin?’’ The answer is: ‘‘All
the angels can, because angels do not require any space.’’ Similarly, impedance
points, no matter how many of them, take up no area and therefore can be
mapped from any area into any other area.

The solution to the two problems stated above lies in finding a means of
mapping not individual points but contours from the z plane to the G plane.
When we use the z plane, we find the intersection of the r ¼ const and x ¼
const lines for the particular impedance at hand. Once these contours are
mapped onto the G plane (the Smith chart), we can enter the G plane directly,
using the normalized load impedance on a line; and, after the required clock-
wise rotation, can read directly the corresponding normalized input impedance
at that point on the line. No complex calculations would be required to per-
form the input impedance calculation of (5.1-1).

In summary, Philip Smith’s first important idea in developing the Smith
chart was recognizing that reflection coe‰cient rather than impedance should
be used to track movement on a transmission line. The second important idea
was the mapping of r ¼ const and x ¼ const contours in the z plane to the G
plane. The G plane with this mapping of normalized impedance is called the
Smith chart.

Figure 5.1-3 Mapping discrete impedance points from normalized z plane to G plane
under the transformation G ¼ ðz� 1Þ=ðzþ 1Þ.
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5.2 DRAWING THE SMITH CHART

The normalized, passive impedance Smith chart is the polar plot of jGja 1 with

an overlay of r ¼ const and x ¼ const contours that relate G to z. Normalizing
the Smith chart allows its use with any characteristic impedance transmission
line. Alternatively, one can draw a Smith chart for use with a given absolute
value of Z0, such as 50 W.

The normalized, passive impedance Smith chart consists of constant resis-
tance and reactance contours mapped from the z to the G plane according to
the function

G ¼ z� 1

zþ 1
where z ¼ rþ jx; rb 0; �ya xaþy ð5:2-1Þ

The mapping function of (5.2-1) is a bilinear transformation, which has four
properties important to the drawing of the Smith chart [4]. These are:

1. The semi-infinite right half of the z plane (for rb 0) is mapped into the

jGja 1 unit circle. (Note that the left half of the z plane for which r < 0
would map into the semi-infinite area outside of the jGj > 1 circle, the
negative resistance domain.)

2. The transformation maps circles into circles, with straight lines being con-
sidered circles of infinite radius and points being circles of zero radius.

3. The mapping is conformal (angle preserving). Contours in the z plane that
are orthogonal to each other will map into contours in the G plane that
likewise are orthogonal to each other.

4. The mapping is analytic. Therefore, continuous contours in the z plane
are mapped into continuous contours in the G plane.

Usually the reflection coe‰cient G is expressed in polar form as re jj or rJj;
however, it is di‰cult to recognize the equation of a circle in this format unless
the circle’s center lies at the origin. Therefore, to demonstrate this mapping, we
express G in its Cartesian format, G ¼ e jj ¼ uþ jv, retaining the same coordi-
nate center for both polar and Cartesian representations.

The relationships between polar and rectangular coordinates are, from polar
to rectangular

u ¼ r cos j ð5:2-2aÞ

v ¼ r sin j ð5:2-2bÞ

and from rectangular to polar

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ v2
p

ð5:2-3aÞ

j ¼ tan�1 v

u

� �

ð5:2-3bÞ
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Because a complex function such as G ¼ uþ jv has two parts, real and imagi-
nary, as does its complex independent variable, z ¼ rþ jx, it is not possible to
graph GðzÞ versus z in a single plane as we would the real variable f ðxÞ versus
x. Instead we will show how a contour in the z plane, such as r ¼ 2, is mapped

into a corresponding contour in the G plane.
In this mapping task, we wish to set r ¼ const for one set of contours and

then x ¼ const for the other, orthogonal, set of contours to be drawn in the G
plane. To do this it proves convenient to use the relation that gives z as a
function of G. In this way z can be set either to a constant r or jx and the
expression solved for the G rectangular coordinates. Thus,

z ¼ 1þ G

1� G
ð5:2-4Þ

where z and G continue to be functions of position x on the transmission line
(not to be confused with normalized reactance, x).

The relation (5.2-4) can be rewritten as

rþ jx ¼ 1þ re jj

1� re jj

� �

1� re�jj

1� re�jj

� �

ð5:2-5Þ

Carrying out the indicated multiplication to remove the complex quantities
from the denominator and noting that e jj � e�jj ¼ 2j sin j and e jj þ e�jj ¼
2 cos j we obtain

rþ jx ¼ 1� r2 þ 2jr sin j

1þ r2 � 2r cos j
¼ 1� u2 � v2 þ 2jv

1þ u2 þ v2 � 2u
ð5:2-6Þ

This complex equation requires that separately both the real and imaginary
parts of each side of the equation be equal to each other. Equating the real
parts,

r ¼ 1� u2 � v2

1þ u2 þ v2 � 2u
ð5:2-7Þ

We know from the properties of the bilinear transformation that (5.2-7) must
be the equation of a circle in the G ¼ uþ jv plane for r ¼ const. But it requires
some algebraic manipulation [5, p. 75] to cast (5.2-7) into the easily recogniz-
able expression for a circle with center at u1 þ jv1 and radius a, namely the
format

ðu� u1Þ2 þ ðv� v1Þ2 ¼ a2 ð5:2-8Þ

To do so, rewrite (5.2-7) as
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rð1þ u2 þ v2 � 2uÞ ¼ 1� u2 � v2

u2ðrþ 1Þ � 2urþ ðr� 1Þ þ v2ðrþ 1Þ ¼ 0

u2 � 2ur

rþ 1
þ r� 1

rþ 1

rþ 1

rþ 1
þ v2 ¼ 0

u� r

rþ 1

� �2

þ v2 ¼ 1

rþ 1

� �2

ð5:2-9Þ

The last form of (5.2-9) is the recognizable expression for a circle in the G plane
with center at

u ¼ r

rþ 1
jv ¼ 0

and radius equal to 1=ðrþ 1Þ. For example, the contour r ¼ 1 in the z plane is
mapped into a circle having radius 0.5 and center at u ¼ 0:5, jv ¼ 0, as shown
in Figure 5.2-1.

At this point in the mapping, we note that all impedance values having r ¼ 1
as a real part must lie on the r ¼ 1 circle in the G plane. We do not yet know
how to place specific impedances, on this circle, since we have not yet devel-
oped the orthogonal x contours for the G plane. In a limited sense, we can
deduce that G ¼ 0 when z ¼ 1þ j0, and that accordingly this impedance point
must be the one at which the r ¼ 1 circle passes through the origin, since the

Figure 5.2-1 Contour r ¼ 1 in z plane is mapped into corresponding contour in G

plane.
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corresponding reflection coe‰cient magnitude must be zero. We can also say
that at u ¼ 1, jv ¼ 0, G ¼ þ1 (an open circuit), and so this must correspond to
the z ¼ 1G jy point.

As additional contours are plotted, the constant r lines in the z plane map
into circles that are tangent to each other at the u ¼ 1, jv ¼ 0 point in the G
plane, as shown in Figure 5.2-2.

Next, we map the orthogonal x ¼ const contours into the G plane. To do so,
equate the imaginary parts on both sides of (5.2-6) to obtain

x ¼ 2v

1þ u2 þ v2 � 2u
ð5:2-10Þ

This is manipulated as

u2 � 2uþ 1þ v2 � 2v

x
þ 1

x2
¼ 1

x2

ðu� 1Þ2 þ v� 1

x

� �2

¼ 1

x

� �2

ð5:2-11Þ

For x equal to a constant, this is the equation of a circle with center at u ¼ 1,
jv ¼ j=x and radius equal to 1=x. When contours are mapped for x ¼ �2;
�1;�0:5; 0;þ0:5; 1, and 2, the results give partial circles within the jGja 1
unity circle of the G plane. The circles can be extended beyond this region, but
the corresponding impedances have negative real parts, and our interest for

Figure 5.2-2 Constant-resistance lines of z plane map into circles tangent at u ¼ 1,
jv ¼ 0 in G plane and centered on real axis.
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now is the Smith chart for use with passive impedances only, that is, for reflec-
tion coe‰cients no greater than unity. More about negative resistance Smith
charts later.

The contours in the G plane shown in Figures 5.2-2 and 5.2-3 form orthog-
onal sets, mapping the z ¼ rþ jx values into the reflection coe‰cient plane, as
we desired. Notice that, while the contours are circular, at their intersections
their lines are at right angles (orthogonal) to each other. When both sets of
contours (r ¼ const and x ¼ const) are combined, the result is the skeletal form
of the Smith chart shown in Figure 5.2-4.

Notice that positive reactances (inductances) lie in the upper half and nega-

tive reactances (capacitances) in the lower half of the Smith chart (as was true in
the z plane).

The diagram of Figure 5.2-4 is very comprehensible because it shows the
evolution of the Smith chart by presenting all of the necessary coordinates and
scales. However, if the Smith chart is to be used graphically, as was the original
intent, it must contain many more impedance contours in order that impedance
can be read more precisely. For this reason the conventional format for the
Smith chart is as shown in Figure 5.2-5.

Because so many r and x contours are required for a Smith chart that is
to be used graphically to determine impedance transformations on transmis-
sion lines, there is insu‰cient space within the jGj ¼ 1 circle to print explicit
scales for the magnitude of reflection coe‰cient, even though reflection coe‰-

cient is the basis of the Smith chart. Also, the j is not used ahead of reactive
impedances or susceptive admittances.

That the Smith chart fundamentally is a plot of reflection coe‰cient is
emphasized here because it is not uncommon for individuals to become quite

Figure 5.2-3 Constant-reactance x lines of z plane map into circles in G plane, but only
portions of circles fall within the unit circle, corresponding to passive impedances.
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adept at using the Smith chart to transform impedances yet forget, or never
have been aware of, the fact that the Smith chart is just a polar plot of reflec-
tion coe‰cient with impedance and/or admittance overlays.

Knowing this fact, it is easy to answer many other questions about trans-
mission lines, such as what is the voltage magnitude at a given position x on the
line. It is simply VI j1þ GðxÞj where G is readily read for any specified point on
the chart.

To facilitate the determination of reflection coe‰cient and other important
transmission line parameters, there are radial scales printed at the bottom of
the chart. These are used in combination with a pair of dividers to determine the
magnitude of the reflection coe‰cient. Only the linear reflection coe‰cient mag-
nitude scale, r, is necessary, since the angle of G can be read from the degrees
scale on the periphery of the Smith chart. The other parameters, return loss,
mismatch loss, and other values are readily determined, given r; but for con-
venience separate radial scales for these values are also printed below the chart.

Figure 5.2-4 Smith chart showing both impedance contours r and jx as well as jGj
contours and G’s angle j in 90� segments.
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5.3 ADMITTANCE ON THE SMITH CHART

At any location on the transmission line the reflection coe‰cient is related to
the normalized impedance by

G ¼ z� 1

zþ 1
ð5:3-1Þ

Figure 5.2-5 Smith chart as conventionally printed for use as a graphical calculation
tool. (Smith is a registered trademark of Analog Instrument Co., Box 950, New Provi-

dence, NJ 07974. Smith charts are reprinted within this book with permission.)
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Since normalized admittance y is just the reciprocal of normalized impedance z,

G ¼ 1=y� 1

1=yþ 1
¼ 1� y

1þ y
ð5:3-2Þ

where the bilinear transformation in (5.3-2) is simply the negative of the trans-
formation in (5.3-1). That is, the reflection coe‰cient plot as a function of y is

identical to that of z except for a rotation within the G plane of 180�. When the
admittance coordinates for constant conductance g and constant susceptance b
are plotted in the G plane, the result is the admittance version of the Smith
chart, shown in Figure 5.3-1.

This plot is identical to that of the impedance plot in Figure 5.2-4 except for
a 180� rotation about the center of the chart. All of the rules for transforming
impedance along a line length apply equally to admittances. With normalized
admittances, the rotation moving from the load toward the generator remains

clockwise, as it was for impedances.

Figure 5.3-1 Smith chart with normalized admittance coordinates.

ADMITTANCE ON THE SMITH CHART 131



Inductors have positive reactance but negative susceptance. Capacitors have
negative susceptance but positive susceptance with the result that the upper half
of the Smith chart is always inductive and the lower half is always capacitive.

Due to the mirror symmetry of the impedance and admittance Smith charts,
one could create an admittance Smith chart merely by rotating an impedance
chart through 180�. In fact, for many years the practice was to consider that the
normalized coordinates in Figure 5.2-5 could be defined to be either admittance
or impedance, and the ‘‘standard’’ chart shown in Figure 5.2-5 was, and often
currently is, labeled ‘‘impedance or admittance coordinates.’’

The problem with defining these coordinates as admittance is that the angle
of the reflection coe‰cient is in error by 180�, and this must be corrected when
interpreting the ‘‘standard’’ Smith chart as an admittance Smith chart. Another
problem is that this practice is more prone to errors, since it is easy to forget
how the coordinates are presently defined, particularly since conversions be-
tween admittance and impedance frequently must be made in the solution of a
problem.

The modern and preferred procedure is to print both normalized impedance
and admittance contours on the same Smith chart, overlaying the coordinates
derived in Figures 5.2-4 and 5.3-1, so that one can read directly at any given
point either value without resort to crossing or rotating the chart. The resulting
Smith chart, having both impedance and admittance contours, is shown in
Figure 5.3-2.

To aid the graphical use of this chart, it is usually printed in two colors, for
example, red for normalized impedance and blue for normalized admittance.
Even so, as a graphical tool it is di‰cult to use. Fortunately, today there are
software versions of the Smith chart for use on a personal computer. Fewer
contours need be drawn because the computer allows entry onto the chart at
the exact value of load impedance or admittance, creates the traces of trans-
mission line and other transformations, and displays the exact value of input
impedance or admittance, as will be seen. Furthermore, either impedance or
admittance contours or both can be displayed as desired. This will be demon-
strated in the examples to follow.

5.4 TUNING A MISMATCHED LOAD

Originally, the Smith chart was developed to facilitate the determination of
load mismatch and the requisite tuning that would match it to the characteristic
impedance of the transmission line. While the chart has other useful applica-
tions, this load tuning remains a principal application of the Smith chart.

Movement along a lossless line corresponds to a contour having a constant
reflection coe‰cient magnitude, r, and thus a constant radial distance from the
center of the Smith chart, that is, a circle with center at the center of the chart.
The angle, j, of the reflection coe‰cient, G ¼ re jj ¼ rJj, changes at twice the
rate of movement along the line because it is the ratio of an incident and a
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reflected wave, each of whose arguments change by an amount equal to the
movement and their angles are additive in taking their ratio. Movement from

the load toward the generator on the Smith chart is clockwise.

To facilitate the computation of movements, the Smith chart has three
peripheral scales. The innermost scale gives degrees of the angle of G, a total
of 360� for the full circle. The outer two scales are labeled ‘‘wavelengths
toward the generator’’ and ‘‘wavelengths toward the load.’’ These two scales go
through one-half wavelength for the full circle, thereby taking into account that
the reflection angle changes by twice the angle of movement along the trans-
mission line. This movement is demonstrated in the following example.

Figure 5.3-2 Smith chart with simultaneous impedance and admittance contours.
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For this example, we return to the case of Figure 4.14-5 consisting of a
ð25þ j30Þ-W load at the end of a 50� long section of 50-W transmission line.
Normalizing the load impedance to 50 W, it becomes 0:5þ j0:6. This is shown
as point A in Figure 5.4-1.

To determine the arc length movement on the Smith chart, we note that
traveling 50� along the line toward the generator results in a reflection coe‰-
cient angle change of �100� (clockwise rotation) to point B, at which we read a
normalized impedance of 2:8þ j0:5. Unnormalized (multiplying both parts by
50 W) this is ð140þ j25Þ W, reasonably close to the value of 139þ j24 calcu-
lated in (4.14-15), given the graphical accuracy of the Smith chart, an analog
instrument. Note the economy of e¤ort with which this result is obtained rela-
tive to the solution with the input impedance formula.

As an alternative to the determination of the arc length movement on the
Smith chart, we can use the ‘‘wavelengths toward generator’’ scale. Traveling
50� on the line toward the generator results in a clockwise movement on

Figure 5.4-1 A ð25þ j30Þ-W load (point A) on 50-W line with tuning to match it to
50 W (point D).
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the chart by 50�=360� ¼ 0:139 wavelengths. This dimension is shown in Figure
5.4-1 and results in the same travel from point A to point B.

From Figure 5.4-1 the value of the Smith chart is evident. The extended
circular contour (shown dashed) at a constant radial distance from the center of
the Smith chart reveals all of the normalized impedance values that would be
encountered if the transmission line were extended to a half wavelength or
longer.

Specifically, we see that, if the transmission line is lengthened until the re-
flection coe‰cient angle is �61� (point C) the normalized input impedance will
be 1:0� j1:1 (50 W� j55 W when unnormalized). At point C the total change
in reflection coe‰cient angle measured from point A is �169�, corresponding
to a total transmission line length of 84:5�. To reach point C we must add an
additional 34:5� of 50-W line, corresponding to a clockwise movement on the
chart of an additional 0.096 wavelengths. At point C the insertion of an in-
ductive reactance of 1.1 (55 W unnormalized) in series with the line cancels the
capacitive reactance and moves the normalized input impedance to 1 (50 W
unnormalized) at point D, thereby matching the load to the transmission line.

This example demonstrates that not only does the Smith chart facilitate the

calculation of the input impedance to a line terminated in a mismatched load, it

also readily reveals how the mismatch can be tuned to yield a matched input.
This tuning method is not unique. Actually, there are an infinite number of

possible tuning approaches that can be determined with the skillful use of the
Smith chart. By continuing clockwise on the dotted circular arc, an additional
0.27 wavelength, between points C and A, respectively, of Figure 5.4-1, we can
observe the remainder of the wide range of normalized impedance values that
would have been encountered on the transmission line had the electrical length,
y, been varied from 0� to 180�. The total excursion is 0.5 wavelength, after
which we are returned to the starting impedance. This duplicate of the load
impedance occurs every half wavelength multiple from the load along a lossless
line, as was noted in Section 4.14.

In the current example, the real part of the normalized input impedance
varies between 0.33 and 3, a 9-to-1 ratio. The imaginary part varies between
� j1:2 and þ j1:2. Using only the input impedance formula, these conclusions,
obvious with the Smith chart, would have been very laborious to reach. For
this reason the Smith chart is a universal presentational format for microwave
measurements, usually a direct data output option for network analyzer meas-
urements and network simulation software.

5.5 SLOTTED-LINE IMPEDANCE MEASUREMENT

From the 1930s to the 1950s, before network analyzers were available, the
slotted line was used to measure microwave impedance. Even today, VSWR,
the data value obtained with a slotted line, continues to be a common term
used to describe the tolerance of impedance matching.
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The slotted-line measurement was e¤ected by cutting a nonradiating slot
along the direction of propagation in a coaxial or waveguide transmission line
and sliding a rectifying detector diode along the slot to sample the rectified
time-average voltage amplitude as a function of position along the line. This
fixture was called a slotted line. The ratio of the maximum to minimum voltage

values is the voltage standing-wave ratio, or VSWR. The VSWR coupled with
the location of the associated voltage minimum (null ) could be used to deter-
mine the load impedance ZL. The following example demonstrates this pro-
cedure.

First, a short circuit is connected at the end of the transmission line prior
to connecting the load (Fig. 5.5-1a), and the positions of the resulting voltage
minima, or nulls, recorded. These null locations are equivalent to the electrical
position of the load plane. The rectified voltage amplitude varies sharply with
position near a null (Fig. 5.5-1a), yielding the most precise measurement of the
equivalent load positions. The distance between two successive minima is one-

half wavelength at the operating frequency, providing a means of determining
the actual operating frequency of the generator. Each set of VSWR and null

data is taken at a single microwave frequency. To obtain data for a band of
frequencies, the measurement must be re-performed at each frequency of eval-
uation.

For example, suppose that, with the short circuit installed, nulls are found
at 2; 4:95, and 7.90 in. along the slotted line. The distance between minima is a
half wavelength, therefore

l ¼ 2ð4:95 in:� 2:00 in:Þ ¼ 5:90 in: ð5:5-1Þ

If the slotted line has air dielectric, as is usually the case to permit unimpeded
probe movement,

f0 ¼
11:8 in:

5:9 in:
1000 MHz ¼ 2000 MHz ð5:5-2Þ

This demonstrates that the slotted line provides a means of frequency determi-

nation.
The locations of the voltage minima can be considered equivalent to the

electrical position of the load plane, repeating at half wavelength intervals.
Next, the load is attached and the rectified voltage measurements yield

VMAX ¼ 1:5 units and VMIN ¼ 0:5 units (the actual voltage scale is unim-
portant) with null positions at 2.59 and 5.54 in. From these data

VSWR ¼ VMAX

VMIN
¼ 1:5

0:5
¼ 3 ð5:5-3Þ

r ¼ VSWR � 1

VSWR þ 1
¼ 3� 1

3þ 1
¼ 0:5 ð5:5-4Þ
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The null with load in place is located a distance D ¼ 7:90 in:� 5:54 in: ¼ 2:36
in: toward the generator from the load plane. To locate the normalized load
impedance we convert this distance to wavelengths.

D ¼ 2:36 in:

5:90 in:=wavelength
¼ 0:40 wavelength ð5:5-5Þ

Figure 5.5-1 (a) Schematic diagram of slotted-line measurement with short-circuit ter-
mination and rectified standing-wave voltage with distance. (b) Rectified voltage with
an unknown load ZL.
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On the Smith chart a half wavelength of travel on the transmission line pro-
duces a 360� change in the argument of the reflection coe‰cient:

0:5l of travel on line ) 360� around chart ð5:5-6Þ

Therefore, in degrees

D ¼ 0:4l
360�

0:5l

� �

¼ 288� ð5:5-7Þ

The circumferential scales on the Smith chart read both in degrees of reflection
coe‰cient angle and in wavelengths. Starting from the short-circuit point
ðz ¼ 0;j ¼ 180�Þ the distance D is shown plotted in the Smith chart of Figure
5.5-2. Note that the 288� ð0:4lÞ arc is drawn counterclockwise toward the load

Figure 5.5-2 Smith chart used to compute normalized load impedance from slotted-line
measurements. (Smith chart reproduced through the courtesy of Analog Instrument Co.,

Box 950, New Providence, NJ 07974.)
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since this is the direction from the load minimum to the plane of the load in
question.

The angle of the reflection coe‰cient at the load is read directly from the
peripheral scale on the Smith chart as

j ¼ 108� ð5:5-8Þ

and hence

GL ¼ rJj ¼ 0:5J108� ð5:5-9Þ

At this point the normalized load impedance can be read directly from the
chart or calculated from

zL ¼ 1þ GL

1� GL

¼ 1þ 0:5J108�

1� 0:5J108�
¼ 0:5þ j0:6 ð5:5-10Þ

Unnormalized this is ð25þ j30Þ W, the value used in the example of Figure
4.14-5.

Often the di‰cult part of the slotted-line measurement is deciding in which
direction to rotate on the Smith chart from the null position obtained with the
load in place. It may help to remember that if the load impedance were known
and plotted on the Smith chart, one would make a negative angle rotation
(clockwise from the load toward the generator) to the position of the minimum
impedance (the G180� axis of the chart). Therefore, to travel from the null
toward the load rotate counterclockwise on the Smith chart.

The reader will notice from this example, in which the VSWR is 3, that the
constant reflection coe‰cient circle intersects the r ¼ 3 circle on the 0� axis of
the Smith chart. The circle always intersects the r circle at the value of VSWR,
as will be demonstrated in the next section.

5.6 VSWRF r

When a constant magnitude reflection coe‰cient circle of radius greater than
zero is drawn on the Smith chart, it intersects the horizontal axis of the chart at
two points, r and 1=r. In the case of a matched load, r ¼ 0, the circle has zero
radius, and the two intersections coalesce into one point, the center of the chart
at which r ¼ 1, x ¼ 0.

For the intersection for which r > 1, z ¼ rþ j0, the reflection coe‰cient has
a real value given by

G ¼ z� 1

zþ 1
¼ r ¼ r� 1

rþ 1
ð5:6-1Þ
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The corresponding VSWR is

VSWR ¼ 1þ r

1� r
¼ rþ 1þ r� 1

rþ 1� rþ 1
¼ r ð5:6-2Þ

For this reason the VSWR for any normalized load impedance can be obtained

by drawing the constant r circle through it. The VSWR is numerically equal to

the resistance value r, corresponding to the circle’s intercept with the horizontal

Smith chart axis for which r > 1.

5.7 NEGATIVE RESISTANCE SMITH CHART

The area that is outside the unit circle of the Smith chart corresponds to
reflection coe‰cient magnitudes greater than one, the negative resistance and
conductance domain. The resistance circles defined by (5.2-9) can be plotted for
negative values of r, and the circles for constant reactance can be extended
outside the r ¼ 1 circle. For ra 3:16 (a reflection gain of 10 dB) the result is
that shown in Figure 5.7-1. The example of impedance ZIN=Z0 and admittance
YIN=Y0 shown on this standard chart is consistent with identifying the admit-
tance of a point on a 180� diametrically opposite location. However, as was
noted earlier, the chart can and should be drawn with simultaneously valid Z

and Y coordinates in the format of Figure 5.3-2.
Unlike the passive impedance/admittance domain of the Smith chart, the

negative resistance domain is unbounded. A new chart must be drawn for each
maximum anticipated value of r.

The negative resistance domain of the Smith chart (where r > 1) is defined
by the same equations used for the passive Smith chart. This negative resistance
domain is useful, for example, to describe reflection amplifiers and to plot the
stability circles for transistor amplifiers. However, for most matching designs,
the area within the passive impedance Smith chart is su‰cient and our match-
ing examples are confined to this area.

5.8 NAVIGATING THE SMITH CHART

For lossless matching, two principal paths, or contours, on the Smith chart are
employed. These are

1. Constant radius contours for movement along a transmission line and

2. Constant resistance (or conductance) contours for the addition of re-
actance (or susceptance)

Movement on constant reactance (or susceptance) circles is also possible but
implies the addition of resistance (or conductance), consequently lossy match-
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ing. Lossy matching has its place, as for very broadband matching, but it is
usually avoided in favor of lossless matching.

If the load on a transmission line contains no resistance or conductance, (1)
the load can absorb no power, (2) the reflected and incident waves have the
same magnitude, (3) the reflection coe‰cient magnitude is unity ðr ¼ 1Þ, and
(4) G traces the rim of the passive Smith chart, traversing every reactance (and
susceptance) from � jy to þ jy in a transmission line travel of one-half wave-
length. This means that open- or short-circuited transmission lines, or stubs,
can be used as reactive/susceptive tuning elements.

The next example demonstrates these Smith chart contours and stub match-
ing. A 100-W load is connected in series with a 1-pF capacitor. The result-
ing impedance at 1 GHz of ð100� j159Þ W is to be connected to the end of a
50-W transmission line using wire leads having a total of 10 nH of inductance

Figure 5.7-1 Smith chart extended to include the negative resistance/conductance
domain out to a reflection coe‰cient magnitude of 3.16. This is sometimes called the
‘‘compressed Smith chart.’’ (Negative impedance Smith chart reproduced through the

courtesy of Analog Instrument Co., Box 950, New Providence, NJ 07974.)
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(þ j63 W at 1 GHz). The resulting load is to be matched to 50 W using a shunt
tuning stub. The stub may be either open or short circuit terminated. The type
of stub termination, the length of the stub, and its location on the main line is
to be determined to match this load to 50 W (Fig. 5.8-1).

The matching is carried out in the following steps:

1. The reference impedance of the Smith chart is defined to be 50 W (the
chart is normalized to 50 W).

Figure 5.8-1 Procedure to match ð100� j159Þ-W load with a þj63-W series inductance
to 50 W using a length of 50-W line and a short-circuited 50-W shunt stub.
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2. The load impedance ð100� j159Þ W is divided by 50 W to normalize it,
giving 2� j3:2 (to the accuracy consistent with the graphical process).
This is point A in Figure 4.8-1.

3. The þ j63-W series inductance has a normalized value of þ j1:3. This is
added to the load impedance by traveling along the constant resistance

circle ðr ¼ 2Þ to the reactance intercept � j1:9. The initial load (point A)
is in the lower half of the Smith chart since its reactance is capacitive.
Adding the series inductance causes an upward movement, toward the
inductive upper half of the chart, to point B.

4. Drawing a clockwise, constant reflection coe‰cient magnitude arc inter-
sects the unity conductance circle at point C. This point is important. We
wish to add a shunt stub. The shunt addition requires the use of admit-
tance coordinates, hence intercept on the unity conductance circle.

Using the wavelength scale of the chart’s periphery, we determine that
the starting point B is at 0:292l and that the g ¼ 1 intersection, point C,
is at 0:425l. The distance traveled is 0:425l� 0:292l ¼ 0:133l, or 48�.
This is the distance from the load at which the shunt tuning stub is to be
connected. The length of line between load and stub is 48�. This is not to
be confused with the angular change in G, which is �2ð48�Þ ¼ �96�.

5. At point C the normalized admittance is read from the chart to be
1þ j1:5. To obtain a match, add a normalized susceptance of �1:5
thereby traveling on the g ¼ 1 circle to the center of the chart, point D,
completing the match.

6. Short-circuited or open-circuited transmission lines can be used as tuning
elements of any desired reactance. We have previously seen that such
stubs are described by (4.14-7a) and (4.14-8a), but the Smith chart allows
their reactances or susceptances to be read directly. We are free to use
any characteristic impedance stub. Suppose for this example that we
choose Z0 ¼ 50 W.

Then the same Smith chart normalization applies, and we can perform
this calculation on the chart used to determine the matching requirement.
To obtain the required � j1:5 susceptance (an inductance) we begin with
a shorted stub at the y ¼ y location (point E) on the Smith chart and
travel clockwise along the chart’s periphery to the required inductive sus-
ceptance at point F . This requires a stub length of 0:0955l, or about
34:4�. It is emphasized that this is a side calculation and this travel is not
part of the original contour from A to D.

Shorted stubs are inductive when their length is less than a quarter
wavelength. An open-circuited, 50-W stub could be used, but its length
would be a quarter wavelength longer (0:3455l instead of 0:0955l).
Consequently, its frequency sensitivity would be nearly four times greater
than that of the shorted stub.
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Finally, the same Smith chart can be used even if the tuning stub impedance
is di¤erent from 50 W. For example, suppose a 100-W stub is used, then

YSTUB ¼ � j1:5ð0:02 WÞ ¼ � j0:03

W

ySTUB ðnormalized to 100 WÞ ¼ � j0:03

0:01
¼ � j3

This is point G in Figure 5.8-1 and corresponds to a stub length of about 0:05l.
Notice that for this side calculation the Smith chart is normalized to 100 W.
This is a shorter stub and would take up much less space in the circuit layout,
both because it is half the length of the 50-W stub and because 100-W stubs have
much narrower width, hence can be ‘‘serpentined’’ more easily. Shorter stubs
also can have less frequency variation, however, both the 50- and 100-W stubs
of this example are so short that their susceptances would not vary much more
rapidly than inversely with frequency.

The completed circuit with 50-W stub is shown in Figure 5.8-2 along with
its VSWR performance, referenced to 50 W. Errors in round o¤ and graphical
inaccuracies make the result slightly o¤ of a perfect 1.00 VSWR and the fre-
quency of best match slightly above the design value of 1000 MHz. This result
greatly improves the e‰ciency of power transmission to the load, as indicated
below.

When the arc described by points B and C is extended to the 0� axis of the
Smith chart, it intersects it at about r ¼ 4:2. Therefore, the VSWR of the load,

Figure 5.8-2 VSWR performance of stub tuned load.
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including its series inductance, is 4.2. The reflection coe‰cient r is 0.62. This is
read using the auxiliary scale (not shown in the figure) at the bottom of the
standard Smith chart sheet or calculated from VSWR and (4.5-3b).

Without the stub tuning, the return loss (fraction of power returned to the
generator) of the load before tuning would have been

RL ¼ r2 � 100% ¼ 38% ð5:8-1Þ

Thus the mismatch loss is 62%, which corresponds to a mismatch loss of
2.1 dB. With the stub tuning, the VSWR is below 1.1 and r is below 0.05 from
ð990� 1020Þ MHz. The corresponding return loss is less than 0.3%. This
improvement in e‰ciency, easily designed using the Smith chart, is obtained
merely by printing a side stub on the transmission line and grounding it.

5.9 SMITH CHART SOFTWARE

Although the procedures for using the Smith chart as a graphical tool are fairly
simple, it is easy to err by rotating in the wrong direction, misreading the
coordinate values or trying to match using the incorrect circle. To minimize
errors, remember to: Rotate to the r ¼ 1 circle when adding a series reactance

and rotate to the g ¼ 1 circle when adding a shunt susceptance.

Furthermore, the accuracy of the procedure is limited by the graphical pro-
cess itself. Finally, the Smith chart with both impedance and admittance coor-
dinates is a crowded format that is di‰cult to read.

These problems are considerably lessened through the use of Smith chart

software written for the personal computer. The following examples are illus-
trated using one such program called winSmith [6].

For example, given a load of ð25þ j30Þ W at 2000 MHz terminating a 50-W
transmission line, it is desired to match this load to 50 W using a tuning element
connected in shunt with the transmission line at an appropriate distance from
the load on the generator side. What is the electrical spacing, element type, and
value for this tuning element?

This load point is entered as ð25þ j30Þ W directly into the program along
with the reference impedance for the chart. The program automatically locates
impedances on the chart given the reference impedance so there is no need for
normalization by the user. The parameters of the cursor-selected point (x in
Fig. 5.9-1) are listed in the upper right corner of the display. The units of Z and
Y are ohms and mhos, respectively. The S term is S11 with magnitude in deci-
bels and angle in degrees (S parameters are discussed in 6.4). The term G

stands for gamma ðGÞ, the reflection coe‰cient, listed here as 0:49J108�. This
is a more precise value than the 0:5J108� value that we read graphically from
the Smith chart in the earlier example. The corresponding VSWR, listed as
‘‘V ’’ in the display, is 2.89, again a more accurate value than the 3.0 value
previously read graphically from the chart.
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A selection of pull-down components in the upper left of the display allows
the construction of a cascade circuit layout of various topologies. The resulting
Smith chart contour is automatically computed and displayed for the circuit
chosen and the variable values entered.

Both impedance (dark lines) and admittance (light lines) coordinates are
shown. Recall that the location of the load is the same using this Smith chart
format, whether the load is expressed in impedance or admittance coordinates.
Unlike the graphical Smith chart, the software displayed Smith chart is not
normalized, since the value of Z0 is also entered. The impedance and admit-
tance are read directly in ohms and mhos, respectively.

The tuning procedure is simplified further by selecting for display only the
desired coordinates, impedance, or admittance appropriate to the current
movement being made on the chart. We wish to move along the 50-W line, a
constant reflection coe‰cient magnitude, from the load (now relabeled point A
in Fig. 5.9-2) to the intersection with the 0.02-

W

conductance circle (point B).
Here the addition of an appropriate shunt susceptance will match the input to
the line to 50 W (0.02

W

). The admittance at point B lies in the lower half of the
Smith chart, and therefore its imaginary part corresponds to a capacitor (posi-
tive susceptance). It is essential to keep in mind that the lower half of the Smith

Figure 5.9-1 Personal computer display of Smith chart showing ð25þ j30Þ-W load on
50-W transmission line. (Produced using winSmith software [6].)
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chart is capacitive, and the upper half is inductive, whether expressed as imped-
ance or admittance.

From the Smith chart, the 50-W line length required to move from point A to
the unity conductance circle (point B) is 114� ð0:32lÞ. Notice that this results in
a clockwise rotation of �228� on the Smith chart. From the cursor reading (not
visible in this view), the admittance at point B was read to be ð0:02þ j0:022Þ

W

. The addition of a 3.54-nH shunt inductor (having susceptance of � j0:022

W

at 2 GHz) moves the contour to point C, tuning the load to 50 W, as shown in
Figure 5.9-2.

5.10 ESTIMATING BANDWIDTH ON THE SMITH CHART

Each contour on the Smith chart applies at a single frequency. However, a
measure of the bandwidth of a particular tuning procedure can be obtained
by adding a contour at each band edge. Suppose that we are interested in the
bandwidth 1800 to 2200 MHz for the previous example, shown plotted in Fig-
ure 5.9-2. Adding these band edge contours yields the results in Figure 5.10-1.
The load has been modeled as a 25-W resistor in series with a 2.39-nH inductor
(þ j30 W at 2000 MHz) in order to simulate the frequency variation of the load.

Figure 5.9-2 Smith chart used to determine shunt tuning of the ð25þ j30Þ-W load on a
Z0 ¼ 50 W transmission line.
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Notice that the contours for 1800 MHz (terminating at point D) and 2200
MHz (terminating at point E) show large variations in the angle for the trans-
mission line section. This is because the line length changes byG11:4� at these
band edges. This change is further amplified because on the Smith chart the
angular change is doubled to G22:8�. Using the cursor, the VSWR values at
the end of these excursions were 1.94 at 1800 MHz and 1.96 at 2200 MHz. The
resulting mismatch loss is about 0.5 dB.

5.11 APPROXIMATE TUNING MAY BE BETTER

The engineer who first learns matching with the Smith chart is inclined to try
for a ‘‘perfect match’’ at the design center frequency, on the assumption that
this will also give the best performance over a given bandwidth. But this as-
sumption is not necessarily valid. In some cases an approximate solution at the
center frequency may give better overall performance. In addition, settling for
a reasonably ‘‘close match’’ at the center frequency might be obtainable using
more economical tuning elements, while actually providing a better overall
match throughout the required frequency bandwidth. The following example
illustrates such a case.

Referring to Figure 5.9-1, we see that the ð25þ j30Þ W starting impedance
(point A) lies close to but is not on the unity conductance circle. At this point

Figure 5.10-1 Smith chart contours for 1800 MHz (point D), 2000 (point C), and 2200
MHz (point E) for the previous tuning example.
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the admittance is ð0:0164� j0:197Þ W

. If a capacitor is added in shunt with the
load (point A) having a susceptance of þ j0:0197

Wð� j50:8 WÞ at 2000 MHz, it
must have a capacitance of 1.56 pF. The resulting total admittance at point A
would be 0.0164

W

(61 W real), corresponding to a 1.22 VSWR in a 50-W sys-
tem. With this approximate tuning at the center frequency, the three frequency
contours are as shown in Figure 5.11-1.

With this tuning the VSWR values are 1.15, 1.22, and 1.42 at 1800, 2000,
and 2200 MHz, respectively. The highest mismatch loss in the band, at 2200
MHz, is only 0.13 dB, much better than was obtained when the load was per-
fectly matched at 2000 MHz using the transmission line and shunt inductor.

This example further exemplifies the advantage of the Smith chart. The
opportunity for approximate tuning was evident when the load was shown with
admitttance coordinates on the Smith chart. The example demonstrates two
points about matching.

First, a broader band match usually can be obtained when the tuning is per-

formed close to the load. Second, accepting an approximate match at the center

frequency may result in a better average match over the operating band.

Figure 5.11-1 Result of tuning the ð25þ j30Þ-W load in an approximate manner at f0
using a parallel capacitor.
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5.12 FREQUENCY CONTOURS ON THE SMITH CHART

If the points in Figures 5.10-1 and 5.11-1 that describe low to high frequency
impedances for the same location in the circuit are connected with a line, they
can be seen to describe a clockwise arc. This is always the case, a consequence
of Foster’s reactance theorem.

Foster’s reactance theorem states that the reactive portion of impedances and

the susceptive portion of admittances increase positively as frequency increases.

Impedances and admittances on the Smith chart trace clockwise arcs as fre-

quency is increased.

Often the swept frequency response of a network analyzer is presented on a
Smith chart display without frequency labels. The clockwise increase with fre-
quency is a ready means of identifying the low and high frequency ends of the
display trace.

5.13 USING THE SMITH CHART WITHOUT TRANSMISSION LINES

Notice that in the preceding example there were no transformations along
transmission lines (constant reflection coe‰cient magnitude arcs). The VSWR
values were calculated as those which would be incurred if the load and its
tuner were connected to a 50-W line.

The Smith chart can be used without transmission lines, even though it was
developed as an aid to transforming impedances along them. It is an orthogo-
nal set of resistance and reactance contours (or conductance and susceptance
contours). It is especially useful for performing matching calculations because
every passive impedance or admittance, including those with infinite magni-
tudes, can be plotted within the unit circle enclosed by the jGja 1 Smith chart.
This is not true of a rectangular impedance or admittance chart for any given
scale factor, whose dimensions increase without bound with the magnitudes of
the impedance and admittance components to be plotted.

When using the Smith chart without an associated transmission line, we
are free to select arbitrarily its reference impedance, the Z0 impedance to which
all others are normalized. For the best graphical accuracy it is desirable to
select the reference impedance near the geometric mean between the largest and
smallest impedance values to be plotted.

For example, consider the Q matching example of Figure 3.5-2. We desired
to Q match a 5-W resistor to 50 W at 1 GHz. To demonstrate how this match-
ing could have been performed using the Smith chart instead of the Q matching
method, we start by selecting the reference impedance of the chart arbitrarily to
be 25 W. The 5 W resistance is first plotted on the Smith chart (point A) and a
value of series inductance added to bring the contour to the intersection with
the G ¼ 0:02

W

conductance circle (point B), as shown in Figure 5.13-1.
At this point the cursor indicates a susceptance of � j0:06

W

. In reactance
this is þ j16:7 W, which is resonated at 1 GHz using a capacitor of 9.54 pF.
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When this value is added, the contour extends to point C, the R ¼ 50 W value
on the 25 W reference impedance Smith chart. These tuning elements are
the same as those derived earlier using the Q matching procedure (see Figure
3.5-2).

5.14 CONSTANT Q CIRCLES

In a Cartesian-type impedance plane the contours of constant Q are defined
by the straight lines X ¼ QR, where X is the reactance and R the resistance of
a series impedance. We saw that the Smith chart is produced by a bilateral
transformation having the property that circles are transformed into circles,
straight lines being cases of circles of infinite radius. Thus we expect that con-
stant Q lines drawn in the Smith chart ðGÞ plane will be circular or straight
lines. This is the case. When the Q ¼ 3 circles are drawn in the Smith chart of
the previous example, the result is that shown in Figure 5.14-1.

Recall that Q ¼ 3 as a condition of the Q matching procedure used in Figure
3.5-2. Given this Q value, the 5- to 50-W transformation could be performed on
the Smith chart by finding the intersections with the Q ¼ 3 circles.

When Q matching is used, consisting of reactances, which alternate in type
(L or C) and in topology (series/parallel), adhering to a low Q value ensures
broad bandwidth. When viewed on the Smith chart the matching contour

Figure 5.13-1 Smith chart used for LC matching without any transmission line refer-
ences.
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remains close to the horizontal ðX ¼ 0Þ axis for low Q values. In the broad-
band matching example of Figure 3.5-5, the Q was reduced to 1.074. When this
example is plotted on the Smith chart, the result is that shown in Figure 5.14-2.

Notice that the Q circles are symmetric with respect to the x ¼ 0 axis of the
Smith chart. This suggests that the dual of this matching circuit, consisting of a
series capacitor connected to the 5-W load, followed by a shunt inductor and
alternating C and L elements thereafter would produce the same result. This is
the case, as shown in Figure 5.14-3.

The element values shown in Figure 5.14-3 were found graphically by
extending the contour segment for each tuning element addition to intersect
alternately the Q ¼ 1:074 circle and the horizontal axis. As such, they are

Figure 5.14-1 Smith chart of previous example with Q ¼ 3 circles.

Figure 5.14-2 Broadband LC matching circuit plotted on Smith chart with 25 W refer-
ence impedance.
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approximate. The final circuit obtained using these approximate values trans-
forms 5 to 49.5 W. With more careful graphical techniques, a closer approxi-
mation to 50 W could be obtained, but the associated VSWR of 1.01 of this
result would be su‰cient for practically all applications.

5.15 TRANSMISSION LINE LUMPED CIRCUIT EQUIVALENT

Often the properties of a uniform transmission line section are desired but
space does not permit the use of an actual section of line. An example is the
realization of the branch line hybrid coupler (covered in Section 8.9) using
lumped elements. In such cases a lumped equivalent circuit for a transmission
line section is useful. The equivalent circuit is only equivalent at one frequency,
but the approximation over a modest bandwidth is adequate for many appli-
cations.

As an example, suppose that we wish to simulate a 90� length of 50-W line
using an LCL tee circuit at 1 GHz (Fig. 5.15-1). What are the element values
for the equivalent circuit?

Figure 5.14-3 Dual of broadband tuning circuit derived graphically using lower
Q ¼ 1:074 circle.
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We recognize that any length of 50-W transmission line presents an input
impedance of 50 W when the line is terminated in 50 W. After some experi-
mentation on the Smith chart, we find that, starting with a load of 50 W (and
normalizing the chart to this value), there are any number of L and C reactance
combinations that will yield 50 W input impedance. A set of five combinations
is shown in Table 5.15-1.

It might seem that this Smith chart application has failed since it does not
provide a unique circuit solution, but this is not so. We have only required that
the circuit deliver 50 W to the input when the load is 50 W, but any 50-W line

length does so; and the Smith chart results properly indicate that numerous
equivalent circuits exist for line sections of various lengths. To determine the

Figure 5.15-1 Combinations 1 and 5 yielding 50-W input for LCL tee circuit.

TABLE 5.15-1 Sets of L and C Values Yielding 50 W Input to Tee Circuit

Combination 1 2 3 4 5

XL 25 35 50 75 100
XC �63 �53 �50 �54.1 �62.6
L 3.98 nH 5.57 nH 7.96 nH 11.94 nH 15.92 nH
C 2.52 pF 3.0 pF 3.18 pF 2.94 pF 2.54 pF
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equivalent circuit specifically for a 90� long, 50-W line section, we must add
another condition that relates input and output impedances unique to a 90�

long, 50-W line section. One such combination is a short-circuit load, which is
transformed to an open circuit by a 90� line section as indicated by (4.14-7a).
Among the test cases of Table 5.15-1, we find that case 3 yields this result, as
shown in Figure 5.15-2.

Initially, we locate the short circuit at point A. Adding a series reactance of
þ50 W takes the contour to point B. Note that this is the z ¼ 0þ j1 point on
the chart normalized to 50 W. Next we must use admittance since the capacitor
of the tee circuit is a shunt element. However, the contour remains on the pe-
riphery of the Smith chart because both the r ¼ 0 and the g ¼ 0 circles lie on
the jGj ¼ 1 circle. To reach the horizontal axis we must add a normalized
capacitive susceptance of þ1. Notice that this brings us to the infinite imped-
ance, point C, on the Smith chart, regardless of the value of the remaining
series inductor. However, this second inductor is necessary since only the cases
listed in Table 5.15-1 give a matched 50-W input when the circuit is loaded with
50 W. Given this result, it is now clear why the capacitive and inductive re-
actances must be equal; they must be parallel resonant in order that the input

Figure 5.15-2 Smith chart plot of tee circuit with short-circuit load.
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will be an open circuit when the output of the tee circuit is short circuited.
While this is now obvious, the Smith chart revealed this fact graphically.

As a test of this equivalent circuit, consider another pair of load and input
impedances. We noted earlier that a quarter-wave transmission line behaves as
an impedance inverter. For example, when terminated in 25 W, the 90� section
of a 50-W line presents 100 W at its input terminals. The tee circuit must provide
the same transformation if it is to be equivalent.

We begin at point A (Fig. 5.15-3), which represents the 25-W load on a
Smith chart normalized to 50 W. Adding a series inductor follows a constant
resistance circle to point B. Adding a shunt capacitor follows a constant con-
ductance circle to point C. Then adding a series inductor of the same value as
used between points A and B follows a constant resistance contour to point D,
the 100 W required input resistance value.

This three-element tee equivalent of a transmission line section can be ana-
lyzed exactly using the ABCD matrix approach of the next chapter. However,
the matrix solution is more di‰cult to apply for a five-element equivalent
circuit, as might be employed to achieve a broader bandwidth of operation.

Figure 5.15-3 The circuit and Smith chart contour of the three-element, tee section
equivalent circuit of a 90� long, 50-W transmission line at 1 GHz.
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The five-element model was designed using the Smith chart, maintaining circuit
symmetry (end two elements are equal to each other, as are the second and
fourth elements) and requiring that a 25-W load result in a 100-W input. After
another cut-and-try process on the Smith chart, the symmetric five-element
circuit and its contour shown in Figure 5.15-4 was obtained. The results are
approximate, but as will be seen, the match is quite close to 1.00 at the center
frequency.

Notice that the contour is just inside a Q ¼ 1:2 circle drawn on the chart,
while the contour for the three-element circuit is just inside the Q ¼ 2 circle.
Due to the lower Q of the five-element circuit we would expect broader band-
width for it, and this is the case as can be seen in Figure 5.15-5. For these
simulations the input VSWR is referenced to 100 W in order to indicate the
deviation of ZIN from the required 100-W value.

These examples show that the Smith chart can be employed to design
matching networks having considerable complexity, which might otherwise
make them more di‰cult to design by purely analytical means. The examples

Figure 5.15-4 Smith chart determination of symmetric five-element circuit that is
equivalent to a 90�, 50-W transmission line at 1 GHz.
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also are intended to demonstrate that what can be obtained using the Smith
chart is only limited by the imagination and skill of its user.
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EXERCISES

E5.1-1 Derive an analytic expression for the input admittance YIN to a loss-
less, Z0 transmission line that is y degrees long and terminated in an
admittance YL.

E5.3-1 Derive in terms of Y0 and electrical length, y, expressions for the
susceptance of (a) open-circuited lossless transmission lines and (b)
short-circuited lossless lines.

E5.3-2 A 50-W transmission line has a matched generator with available
average power of 100 W. What is the voltage 45� from the load if the
load is ð50þ j50Þ W?

E5.4-1 A 50-W microstrip transmission line has a load of ð50� j50Þ W that
is to be matched using a shunt 50-W, open-circuit terminated stub.
Since this method of tuning can be ‘‘printed’’ on the board and re-
quires no ‘‘via’’ to connect it to ground, it is expected to be the most
economical, reproducible, and vibration-resistant tuning method. As-
sume the load impedance is constant over the bandwidth.

a. Use the Smith chart to determine the location and electrical length
of the stub needed for the matching.

b. Use the Smith chart to determine the VSWR at the edges of a
G10% bandwidth.

E5.4-2 Can you find a 50-W perfectly matched input solution to the problem
in E5.4-1 using a properly chosen Z0 and electrical length? If so,
what are the values?

E5.4-3 A transistor has an input, which consists of 25 W shunted by 6.4 pF.
Use the Smith chart to design a matching network to 50 W at 1 GHz
using only a 50-W transmission line and an open-circuited 50-W shunt
stub.

E5.4-4 Can you find a way to tune the amplifier input of E5.4-2 using only
transmission lines that have a lower VSWR over the 900 to 1100
MHz bandwidth?

E5.6-1 What are the maximum and minimum resistances that will be seen
along a 50-W transmission line having a length of at least one-half
wavelength and a load VSWR of 3?
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E5.11-1 A patch antenna at 850 MHz is measured to have an impedance of
ð5� j25Þ W. Use the Smith chart to design a matching network to
50 W as well as you can (using an approximate method is acceptable)
using two in-line (cascaded) transmission line sections of appropriate
characteristic impedances.

E5.11-2 Repeat Exercise 5.11-1, this time using lumped elements and the Q

matching method.

E5.11-3 Repeat Exercise 5.11-2, this time using only a cascade section of a
50-W line and an open-circuited, shunt 50-W line stub. Use the Smith
chart to determine the length of the shunt stub and its location on the
main line.

E5.11-4 Use a network simulator to compare the bandwidths for �20-dB
return loss for the solutions that you obtained for Exercises 5.11-1,
5.11-2, and 5.11-3.

E5.11-5 a. Can you find a way to tune the load in E5.4-1 using an approxi-
mate method that would satisfy the requirement for an all printed
matching network and give a VSWR over the band no higher
than that achieved in the solution of E5.4-1.

b. Explain why this matching method gives lower VSWR over the
operating bandwidth.

E5.14-1 Only two reactive elements are needed to conjugately match any
complex impedance load to any complex impedance generator. Dem-
onstrate that there is an unlimited number of matching networks
possible by using 6 to 10 reactive elements (L’s and C’s) to transform
10 to 50 W. Use a ‘‘random walk’’ on the Smith chart that starts at
10 W and eventually, within 6 to 10 elements, ‘‘arrives’’ at 50 W.

E5.14-2 a. Estimate the Q of a single LC matching network needed to trans-
form 7 to 50 W at 1000 MHz.

b. Draw Q circles on the Smith chart and use them as a guide to
design a matching network consisting of a series L and a shunt C.

c. Change the reactances of the two tuning elements to what they
become at 900 and 1100 MHz. Plot their respective contours on
the Smith chart. They will not quite transform to 50 W but to
some other impedances. What are the VSWR values at these im-
pedances (at therefore at 900 and 1100 MHz)?

E5.14-3 Repeat E5.14-2, but this time use a three-section (six-element) tuner.
Does this give a better match (lower VSWR) over the 900 to 1100
MHz bandwidth?
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